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DEFINITIONS
o An o.(?ha.be(: A IS a —;im'ke. set og— (1/?& S%mbols.
* A word (s a finite Seguence of Symbols fram A (alss: vecker, togle)
* The lena of @ wodd is the vomber of 3y mbols it has.
* A cde C over A IS a finite set of cov(ds (with \C\|=za)
* A codeword 1s A word in the cede C.
* A blaR code is a code in which all adewods have the same length,
* A blocR cede of lergth m anbaining M cedewortS sver A is a subset
C A" Lith (Cl=M. Cis caled an E“,M]—mde, over A




Charne( Channel
encoder— decodet

s EXAMPLE

C:{ooooo) oo, oolll, lotOla is o [5,4]-(042, Ve ‘fO,ti
Ssurce messages Co de words

(e]e) H0000
o\ IlLIOO
Lo ool
VL \o 1ol

* The. channe| encodet on’LJ, tansmits codewovtls.
However, what s teceived Moy nok be a codewovd.

* EXAMPLE
+3 (000 1S teceived .

What should the channel deceder do?
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ASSUMPT LONS ABOUT THE CHANNGEL.

) OnI\/ scdmlools —?mm A ove transmitted, (Mhavd decisron codfcﬂgl')
&) No sambols are |ost /added/ interd\ayoaeo( duri"‘} transmission,

(3 The channel is a C}-s%mmcﬁn‘c channel
let A= 74,,Qa, .-,.)qu.
*Lek K =1 symbol Sent
‘Lek Y = b Sambol Teceived, =P 1§ ;S:k,
“For ol L?’) IS&')RS% P*CYisaRIXL:aJ): E?;’ i§ A?k
P 15 called the sywbol error probability of the channe| (oxps1),




BINARY SYMMETR\C CHANNEL (BSC)

¢ A a- s%]wme{:rrc. channel 1s called @ Bianry symmetnc channel

o) ol o
s

Sent o Ceceived

1 =f 1

* Fora BSC:
(D) p=o, the chonne| I1s perfect.
(a) 3¢ p='h, the chamel is useless.
() §f Va<p<t, then .Si("ppin? a(| +eceved Bifs converts the
channel to o BSC with osp<'Q.

(4) chce:for&k, e will assome. thab [O< P‘Va for a B5C|.
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EXERCISE

* For a q—sqmme(:nc channe(, show that one can take

o< pP<

witheut loss of 3eneral by

Hint: First consider the

*Ln the vervinder of the

%

case. Ci,=5.

course, we shall assume that

O<P<

—1
4
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TNFORMATION RATE

DEFINITION The nformation cate (or rate) R of an [n,ﬂj*b(ock
code C over an alphabeb A of stze 9 1s R = (fogq,f‘/O/'rL.

‘T Cencodes messages that are the k-tuples sver A Go |CI=9F)
then |R = Ri.

‘Note: 0<R<4.  Adeally, R shovld be close to 4.

« EXMMPLE The rate of the b‘ma,vy cade C-‘-%ocobo) L1100, el lolol}
s R= 3.




HAMMING DISTANCE —\4—

DerintroN The Hammf'\g, duistance (or distance) befween two N-tuples
in A s the nomber of aodinate posibions in which they differ.

THEOREM (properties of Hammivg distance)
Tor all x,g,zeA": () d(xy) 20, with ot(x,g)zo £ x=y.
(3) d(x,j) = dca,x),
(%) dixN+d(y,z) 2 drz) (L inequlity)

DeFINITIoN The Hamming distanee (or distance) of an [n,M]-cede C
1s dCC) =mm {d(x,g) . 9<,3€C7 x-f‘j}.

EXAMPLE The distance of C=10006c0, 1t (co, oo, o1 § is d(G)=a.
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VAb Decoping StrATEGIES

EXAMPLE Let C= joo000, w100, oo\ll, lotor].
Cis a [54]-code over 0,13 (a binay code) poith R=%% and (C)=2.

ERROR DeTecTioN ¥ C is used $or ewor detection oaly, the shabay
ts the follewing : A teceled eoord teA" is accepted 1$L +eC.

ERROR CoORRECTION Lekt C be an [M,M|-cde ever A with distrnce d .
SUPPOS& that ce C is tamsmited and +¢c A™ is +ecsived .
The (channel) decoder must dectde one of the —}o\lﬁwing:
(1) No ewors have occowed; accept +-
(i) Swors have occomed ; correck (o decode) + to a cedeword ceC.
Ca{() Erors have oczomsd') correction s Mok eoossﬂn(e,
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NEAREST NEILGHBOUR DECSD ING

INCOMPLETE MAXIMUM, LIKEL HooD DECSDING CIML'_'D)
At there is « unigue cedeword ceC such that dltc) is a minimum,
then decsde + €o c. 3F me such ¢ evists, then tejeck + (aSR
§or rebransmission o- distesard the infermatton).

COMPLETE MAXIMUM LIKELIHOOD DECOIING (CMLD)
Same a3 TMLD, ewcept thabk 1§ there are two o more ceC
for which d(r,c) \s minmum, decode + to On acbitmry ene
of these.
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TS ITMLD A REASONABLE STRATEGY ©

THEOREM TMLD chosses the cedeword ceC -for which the
conditional Pfobaloiliéy P+ \c)= Plris cecewet| c s sent) is larjest.

PROOE Sppese C,C2eC with dy=d(cyr), da=dlCa;r). Sugpese that d, >da.

New, PCric)= (t—-@“"‘“(_f_)d‘ and POrlca)= c\-@“’“’( p ‘)dz
- _,/ -

And, Plrla) - (-p)*=™ < o)t ( o )q,—-dz
a‘,-'l

Plrl ) (-p) gD/ -
No, £ <\ & p<(-PE NSy Py oPSy pa< <& PgL.
(—f) (g-) ¢

Thos, P(rlg) <1, so PGr)c,)‘P(n-[,cz)) and the vesolk follows. []
P(*\Ca.)



MININUM, E RROR PROBARBLLITY DECODING CME:D)

* An ideal st would ke to decode + to e cedewsd ceC for which
Plcl+) =P(cis sent |+ is +eceved) 1s (,a(%esl.’. This s Me)d.

* EXAMPLE (IMLD/CMLD is Mot the same as MED)

Consider C=i°co(0) ﬁ‘u} , and Soppose thal P(c)) =6 and Clc2)=0-9

Svppose P =% (for @ BSC).
Sorpesc 4=100 s the teceived wovh.

2 s S
Thea Plal+) = PHic)- Pe)/Pe) = p(p)x OV/PH) = euo’ PR .
And _Plal) = Plrlca)- Plca) /0 = (X 0-/00) = g -
Se, |MED decdes 1 €o Ca, whereas | TMLD detedes o G|

BANVES TueoreMm: P(AAR) = P(A)-P(BIA) = P(B)- PCAIB)
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TMLD/CMLD vys. MED

* TMLD waximizes Pl+lc) * MED mavymizes Plelr).

(1) MED has the drawback Ehabt the decodinﬁ alaoﬂ'éhm deperds
on the Pm\oaloi lib«/ distioubron b-% Seurce Messages.

Gi)TE a soorce Messagess are @i,ual[g (ikely , then CMLD ard. MED
ave sdentivall:  PCCel+) = Plrlc) -P) = PGrlc) - | ‘
PCr) M- Pe) ~
does not deperd 20 L

Gi) T practice, TMLD /CMLD is used.

Tn this Coorse, we il ose TMLD/CMLD.
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Vic Error Corfecting AND DetecTmg CAPABILITIES

DETECTION ONLY

STRATEGY I 1 1S vecenved, then accepk + L teC.

DEFINTION A code C is an e-cwor detecbing, cede i the decader
alwo.tds wakes the coweck decision I e or fewer enurS per cedeword
are nécaduced by the channel

EXAMPLE (Consrder C= {oeo,ml,
* C ts & Fewor deéec&&rg, code.,
* Cits nob a 3-ewer de(:eo’:hg code .




THEOREM A cede C of distance d is a (d—l)—-evvor-deéecf'mg
cade, bub is not @ deeror de&eob’rg, cede .

ProoF Suppese ce C is sent,

*3F no ems xcur, then c 1s teceved and is accepted

* Soppese bhat the number of enors inbrduced Ts 2\ and =d-i; L + be
the +eccied word. Then \ S d(Hc) Sd~i, se ¥¢C. Thes, + is tejedad.

* Since dCC)=d, there auist ¢,c,eC with d(g,ca)=d.

4 ¢, is seak and G, is recelved, khe deceder acepls &z
the A\ enocs 9o ondetected . []



CORRECTION

STRATEGY : TMLD/CMLD

DefFnTIion A code C is an e-enor Cowecking code i the cleredor

a[wwa_s wekes the coeck decision f e or fewek ens per cedeword,
ave inbveduced bg the. channel.

EXAMPLE  Consider C={oc>0, (ll}.
‘Cis a 1-enor corvecting cede..
* C is nobk @ 2—emc Convecting cedle.




THEOREM A cde C of distance d is an e-ever corvecting code,
where € = Lglg_' . (L= is the ‘a(}‘* ‘mbegsrs :c)

PRoOF S”W’”‘% thetr ceC s sont, at most (d-0/a ewors ae in{:mo(Uced)
and + is teceived. Then d(+,Q) 2 (d-1)/2. On the othet hand,
i c’is any obher cotewod, then
d(+,c’) > d(c,c)—d(+,c) (by A inea;cdibp

2 d-(a-0/a

= (a+1)/a

> (d-N/a 2dHe).
Hence, c is the onigue ceteword o minimum distance from ¥, sethe
TMLD/CMLD deceder Conwectly concludes that ¢ was sent, O]
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EYERCISE Suppose d CC)=d,amol le e= L—a.l, Show thet C s nok
an (e+)-ewor c,emrec&ing cede. .

SPderRE” PACRING A netural Ci,ues(ﬁm £o ask is: Given A, ", M d, dees there
exist an Lo, ]’cede, C oy~ A of distance =d ?

This %ﬁsbm can be PkmSeol as @n e%o«\/a[ené Sphere packmq p(bb{&n

Can we Fla.ce, M sphevres of radis

L-‘J n A", so that me two A" ’ LA T
SPheﬂeS ovedaf? o ' “E.

C={c,ca-pCnl, €= 1% 1.

D = spheve of vmdivs e ceaberad ab ceC ’ : .
= all wods withn distance e a(l C. e . °

\/\/C vad % 9{: Cl,Cz GC, C(-ﬁc.?) k‘\eﬂ SC,O&’E@ i .




* QUESTION Lek 1/::1, n=13a%, M= =Rl
Does bhere exst an E‘n,V\]-bMaxy code with dZar?
A so, can encedlvu} and deceding be done e&lczmely?

e e will construct soch a code W V6.

A‘Y\

The mamn €ods osed wsill ‘e linear . | . .
algebra (over finite Sields) and
abstvack algeba C'V'mﬁs and\ §'leld3). o, .
’ ‘ ’




