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DEF(NLTION OF A LINEAR CODE

YL
A

.
°[ et F=G\F'(q,), and let Vo (F) = Fﬂ:/FXFx-—--XF_

Un(F) is an m-dwensional vector space oot F, with (\/,\CF)I-_-CP’YE

DeEFINITON A limear (n R)-code over F is a Rdimensiond subs‘mce Gﬁ\/ﬁ.@:),

RECALL. A subspace S of a vectot- space V over F is a nea~empty
subset SCV such that ()gbeS=>atbeS, and

(i) aeS, aeF =7 nae S,

Q{: S s a subs‘oacc o§ \/) thea S s itself @ vecbor space over F;
i f)qvt-icu[aw-— 0eS. A basis ofF Sis a linearly independent

Seanv\ir\j subset of S. All bases of S ave the Sawe size, cdled
Ehe dimension of &
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PROPERTIES OF LINEAR CODES

Let C be an (n,k)-cde over F:GF@)}QO& let WyVa,..., Vg be
Gn ovdered basis for C.

) NOMBER OF CODEWORIS  The codewods in C are prcisely
NV + WVt - -t Wik Ve, where Mmeef

Thog, {C{=M =gk
R

) BATE  Th teof Ci1s = ﬁ%M =o =

> e vate of s 9 3%3 3,

3=
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3) WELGHT

DEFINITION The wetgh{r w&) of a vectt- ve\h(F) is the nuvber-

of nonzeco covdinabes i v. The weight of o [inear— code C s
w0 (C) = win Tos(c) : ceC, c #of,

THeoReM Y C is o linear code, then w(C)=d(C).

PRooF We have dCC) = mmn 1d(xy) - x,4eC, %#}lf
= win {w(oc—;p : a)geC} x;éjj (sioce dCx,g?-——'oo(sc-y))
= W {ch7! ce C) c#o} (since C is lioexr, x-geC
=w(C). 0O

Notation An (nRd)-code C over F is @ linear code & length m,
dimension R, and distance d.
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L) ENCODING

» Since. there are q,K codewsords, thece are also C}R Seurge MeSAYS.
*We shall assume that the seurce (Messages are the clements of FR.
* Then, oo convenjent and natuval b“ré‘ec{:(ovx betuseen F R and C,
le. an enceding +ule, is defined by
WM=(MGMB, -, MR) 2 C = MW, Vo - -+ TRVR,
*NoTE Different ordered bases for C gield d.ifferent enced?n? sules.

57 GENERATOR MATRIX: A convenient way to describe. C.

Dernrions A genevatoy wiabrix (GM) Sec an (nk)-code C is @
Rxn maktix whase roes foam a basis - C: G=[ v

Va EE—
NoTE The encoding +ule. iS c=m@.\ :

Vie
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EXAMPLE (linear code) Consider the C%B)-—bimry code
C= <locou, oleol, oocuo> . (NOTE:! C(,C3,c3 ave L.0.over Z:z)
\ 2. 3

} 6 oft 1
‘A generabor matvix for- C is = |o L ejel |
oo \|tO 35
* The enceding vole w.ct. the GM G is c=mGl.
0000 —> 00060 looc —2 Vo0oI|
00| —osli0 (0l —> (010)
O\ o —>0Io0| \to——> (ol O
Ol §—=2o1l11] LV[—> V(oo
C~ — (@9 N ) >
N c ) c

-M=(cl=2%=¢, R=3k, d(C)=w)=2a.
507 Cis o (‘5,3,&)—binarycode.




STANDARD FORM GM,

DEFNLTION Lebt C be an (nR)-code over F, A GM 5 -Fsr Co% the
form = LIR\A:(\QX«\ iS said ko be in stadard Jet-m.
i(l C has a GM in standard fotm, then C is a Systematic code.

EXAMPLE C,=<¢OC>0!(, 001 00(, 00010 is & nen-systewrbic.
(€,3)-binary code. )
H—owe.veﬁr', C/=<\ooOII) osfo6l, o&ooto> obtained b?' SwaPFing
the 2" and 4™ coordinales of every cadeword in C, is systematic.

A GM fo- C7 is Loolo (1
@,’: 61 olo o],

OO \|Oo|

3x6
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EQUIVALENT CODES

DEFINITION Two codes C,C’ of (en:aék n are €qolalent if C’ con
be obtmined from C by choosing a permubation of onlivabe posibons
5 (3, ... ,M 5 ard then omsiS(:en&V vcarmvg'"\x, every codewod in C
accollng Eo this permutation.

FACTS (eguivalent codes)

L% Cs linear and C’is eioiun\enb to C, then C’is lneat

Q. quoivalent (inear codes have the. same length, dimension, distance.
3. Svery linear code 15 e7oNa(er\b to a sgsbcmaﬁ iC code,
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V3b :DUAL Cope anD ParTy Cueck Matrices 7

DEFINLTION Leb 2¢=(30,0C3,--y3n), Y= (§yYs,... 4] € Va(F).
TE\e i‘l\ﬂe{' ?(‘Od'-ﬂ:& O‘F DC-O.M H, iS QC-(j=DC;‘A.+x232.+"~+:rn‘J"€F
%4 are or&hogonal L x-y=o.

PROPERTIES For all 20,9, ze Va(F) and aeF:
(i) :'C.-(J::&J-Qc.
(i) x-(xd-rz) =Xy+x-zZ,
(@) (ax)y = A(xy)

(‘w) XX =0 does not 'M‘)Psl that =0,

EXAMPLE LeE = 11100e V (Z5). Then XX =06, bt x *o.
Move %cnchj, i xeVa(Z2), then ocx=0 i§§ w(x) 15 even,




"'él—
THE DUAL CODE

DEFINITION Let C be an (n,R)-code over F. The dual code of C
s Ct = 2xeVn(P): segmo vyeCl “CT=Ceperp”

TyeoReEM &€ Cis an (n,R)-ade sver F, then C* is an (on-K)-cde o F

PRooF LeE G be a GM $ot C,and let the rows sl & be v, Va,..--,Vk.
CLAM Lek xeVn(F). Then eCt L vix=\hx = =\ Z=0.
eRooF oF cLAM (=) s clear since vi,va,..., Ve €C.
(<) Su\opsSe. Ve C. Then we can wvite v=ANVAH---+ Ar\ig | wsheve
AEF. Then V-oc= (AVi+--+2rVk)-Z = A2+ + Ap(Vie D=0, 0
T‘NS) Ct+= EDCG-,VV\(F) : Glij: o} = noll Space st: G .
A nce G has rank, R, i€s noll Spxe 5 a sobspace. of VnlF) of dim n-R. [




PARITY -CHECW MATRIX

THeoREM 4F C s a linear code, Ehen (cL)t =C.

PRoov Let C be an (n,k)-code. Then Cr is an (nyn-R)-code .
Fo thermore, QCL)LiS an (n,R)-cde, and C <= (cL)+
Stace dim (C) = dim (CCH)*), ik follows et C=(C)? g

DeFinTlon 9F Cis a linear code, then a generabot watrix H
for- C+ s called a parity—cheR matrix (PCM) for- C.

NoTES (1) IH 18 an (n-R)xm mabrix.
Gi) C has many PCMs,
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CONSTRUCTING, A PcM FoR C (A &M FPor C1)

THeOREM Leb C be an (0 R)-code. with GM G=[TelA],
Then H=[-AT| The] i o @M for CL
NOoTE: A is @ Rx (n-R) mabvrix,

PROOF Smee 1anR(H)=n-R, H is a GM Lot an (n,n-R)-code C.
Alge, GHT= [TulA] _1\_,] - -A+A=0.

Ta-R
Thos, C SC*. Since dim (T)=dim(CH) = n-, we have. C=C*
Hence, His a GM o C+, O
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EXAMPLE Conside+ the (5, a)—code C over Z3 with 4

GM G=|(aocaiel. Find a e for C.

! L oo |

SoLuTloN First find @ GM for— C in stardavd fetm.

Re—ar, [1 6 | ao| Raek-Ri [1 0|1 20
>
& 7 \' 1 o ol 7 o L[|
| U
— — A
QA | |l o o
H= |1 2 |0t o],
6 & |0 o

* We have C ={0°9°°) a0dl0, (0(9, \(0s], 2200, OIAI(, OAIR, A\ A, (aam},
* dQ)=w(C)=3, and R= %5,



NOTES OW ECMs

LeE C be an (nK)—code over F with GM G.

—&5—

QAN (n-R)¥n mabiv H over F is a PcM fo C 18E

GQHT=0 and TanR(H)=m-R.
) GLis o PcM for- CL (since (CL)? =C),

3 Lek H be a PCM for-C. Then H 1s a. GM fo+- C so

C=wnull s(:nce.c{— H.

L) Leb W be a PCM for- C, and leb €V (F). Then

oceC if§ Hal=o0.




Vsc DistAance oF A Linepr Cope

C C< (C*)*=C
(0, R)—wde over F | (n nR)-code over F
G:GM for C H. GM for CL
C=vrow space of & Ct= vow s pace of H
H: pcM §s+- C 12 PcM fet- CH
C=noll space of- H C* =noll spee o Gi
axeC iff Hol=0 xe C* if% G =0



—-67___

THEOREM (diskance of a linear cade) Leb H be a PCM for an

(n,R)—code C over F. Then d(C) 25 iff every s-1 columms of H
are \.iV\ear(y independent over F.

prooe Let H=Chilhal==[hm].
(<) Suppese d(C) £s-L Let c=(Ci\ca,...,Cn) €C with c#o and

w() £5-I. Witheut loss of gener‘a[(l:y, Suppose thet Cj =20 Yor ss}sm.
Then, since HcT =0, we have

c 4+ Cahat -t Cs-ths-i 4 Cshs+--- + G hn =0,
So it 4 Cs-ths1=0. Siuce ab least one O-F C(,C‘o,..../Cs-( (S
nonzevrs, kthe s-t columns I, ha,...,hs-t of H are lineark; dependent.
N,

7
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( ':9) Suppese there s a set of S clumins of H £hat are
{inearly dependent ever F. Without loss of gcnera(ie{) let them
be h ha,...., hs-t. So) 3 ?\LG,F/ mot all o, such ¢hat

Ay +2x2ha +--- + As-( hs-t =0.
Let c= (n,A3,....,25, 0, ...,0) €Vn (F). Then ceC since
RcT = A+ Azhat -+ As-thse =0. Bub 1 swlc)<s-, so
1$d(C) s O

COROLLARY Lek H be a PCM for a linear cede C over F.
Then AACC) is the smallesb viumber of cslomns of H that are
(if\earlx/ dceendenlﬁ over t,
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oad 0ol

a Ll too
EXAMPLE Qn the exawple on slide 64, F=Ls and \—(f-l;‘ a e ‘°l.

*No Sing(e/ colomn oF H is 4. over Z3 (i.e. no zero CO‘UMV\)}
se dCC) 22

* No two colewws of H are Ld. sver 2 (i.e. scolar moltiples of-
eath pbthet) , So d(C) 23,

* There evist three colomns of H that ave L.d. over 3

H-al]-f= [ - o e

' Hence d(C) =3




EXAMPLE |ebt H be a £cM for a b‘ma:z [inear code C.

) d(@) =1 i§f H has & zero column.

2) d(C) =2 §F H has mo zero column, and tws colomns of H

age identical,

3) d(C)=3 i$f the coluwws s H av nonzero and dclstincf:)
anad some colomn DF H is the Sum o{l two other colomns.

k) ekc.
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EXAMPLE Find o (7,4,3)- binary code C.
S6LUTIION COV\S(JVUCL’Q.?CV\—gd"C.Z lz-(OO LO(T
oOflo |V Il ol |-
1L 1Lo 7 ool (o1 |_|3xz
Then o GM for C is [0 1 ¢ T |
L O | 4
v L
N ux7

C has m=%, R=4, d=3, 9=3, M =i.

NoTE C 15 a Hamming code of-orde+3 over Z;l.

_-.71__



V3d Hamming CoDes
'Hammmﬁ, cokesS aqre an mﬁnsteu}m\l,% sf sm%le—ewof COWGC(:h% codes
d.iscovered by Richard Hammwz n 350.

| 0o lo (|

¢ EXAMPLE Reca\l €hat H= |oVv o "°‘J‘50~?CM«PG"GL

OO0l |t

(7>44,3)-bmavy cede C, called the Hamm%v\ﬁ, code of sviler 3 euer Za.

DEFINITION A Hammlwq, code. of ordher + over F—-@\F@) 15 an
(0,R) ~code sver & wibh m=94 -1 andl R=m-t, arnd with PCM Hy;
g3\
an +xn matix whese colomns are nonzero, and mo twe of
whose. colowms aqre scalar multaples of each other.




EXAMPLE A PCM for & Hamwing cede of ovdet 3 over Zz 15

{ O 6
Hz=|ot o
o o |

NOTES (Y ammlng ccdeS)

|l | o
|l oI

o (|

{

I
l

al o
| o &

© 2|

v a
i a |

a ‘ ‘ 3X\3

Nn=(3
R=(o
d=3

_.:)73_-

) 4F v e Ve (F),u 20, then exacths one nonzero salar mulbiple of v wust be

colown of Hr, CJIV‘mc} n= qu"'-:l.)/ CQ,‘O colowns in total.

'a) H+ has tanR Y, Since avnw\g the colowins ol H+ are scalar molhp(e.s

of the unik veckors, Hence Hamming codles of ordler + ove- GFR)
do indeed have dimension m-+.

2) By design, Hamm’w\(} codes of- svder + over GiFQ) hawe distancc 3,
and so are Stﬂg(e—-evro(cbwec{:\'nﬁz codes.,
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DECODING SINGLE-ERROR CORRECTING CODES
sLet H be o BCM for an (m,Rd)-cede C over F with d 23

DEFINLTION Soppese c€C s seat and TEVa(F) is teceied.
The. erroxr vectov s c=1T-¢C (so *‘=C’.+e7.

examPLe Ouver Z3: 3}: C=|oclol and e=0360600, then t+=130I0|.

WEY OBSERVATIONS
DH+T=H ()T = HeT HeT = HeT (since HcT=o)
3) 4f e=0, then tleT=0. (The comverse is nel 4vve.)
3) A& wle) =I e=(0,...,0,4,0,..,0), then HeT=othi, where
> S,Qé U:k Pasm J !) DD D
hi 1s the LB colomn of H. (The converse 1S Mok brwe)




DECODING ALGORITHM FOR SINGLE-ERROR COoRRECTING CODES
(NPOT PCM H ownd a received werd "l"GVnCF').
() Compute S= H+T.
) 4 S=0, then accept + as the tonsmilted word (s e=0); STOP
3) Compare S with the celumns of H . 3 S=othi for sswme i, then

seb €=(o,..-,0,d,0,...,0), and decode to c=+-¢€), STOP
¢EN pesition

4) F?e(»rlr that more Ehan one. ewor hes occorted.

CORRECT NESS 6{: wle)=6 o+ wle)=l, the o(c(ocl'mg, a(goriH’wf) 15
quaranteed to make Ehe cowect decision.




EXAMPLE Consider the (7)4-,37~b‘|nary Hamml'\g, code. wrth FCM

! ol o\ o |
H= ot \ 0o t1(]-
000\([‘3,{7

Suppese thak =01l 6.

We. compobe S= He' = I:? ] ) which s the &® colowm og— H.

l
go) we seb e= (coosoio) and decade + to c=v-2=oOlilloo.
&€t pasitien
CHeck Vevify thet HcT=o.

_-.%_.



V3e Ferrect Coves

-F7-

Then C 1s perfecs il each 2ceA” s in

A'f\
DEFINITION Let C be an [n,M]-code of
distance d over A, with tAl-:c; and e= Lc%!J. IE

the sphere of rdivs e centered abt some ce C.

) Etiul\/alendy, C is perfect 1%

MZ (’Y\ Cc;,—l) (7/

Lt=o

' for fived 9,mM,d, a pecfeck code has mavimom possibe M.
Tn other coo{‘ds a perfeck code Nas maximom pessible

+abte R 33 -S:or .Sl;xed C}) ’ﬂ>
n



cexamPLE C=A" ;s a Ckrivial) pecfect code with distance d=L.
* exmmPLE [ekt m be oc.io\.TF\en C= 1060600, L\\- 13 (S oL
ee(feck Linary code with distance M. " n
PROOF Leb e= (n- N/a. 'ﬂ?\en

M- ST(9) (60" = 2(8)+(0) () +—+ ()]
GO L RICAR AN e) (el

=G+ =2 O

* EXERCISE frove bhat every perfeck code has edd distance.
* EXERCISE Show that TMLD =CMLD fer perfect codes .
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EXAMPLE All Hamming cedes of order + ever G\.F(?) ave pecfect.
PROOF  We have 'v\,=g;-'l , R=n-t; d=3, e=Lt

Now, MZ C}) C‘i;l)l :qla-}l;(g) C$-()° + (:V‘\) Cq;'l)']
=gk 1+ 'v\Cg-D]
::ol,”‘"’[\ + %‘:;:‘l (@“7]

=q" O



CLASSIF(CATION OF PERFECT CODES

THEoOREM (Tietdvainen, (a73) The or\('a_ chfec& cods are:

) Va(GF@) [trivia codes],

a) The binary veplicatlon codes of odd [engl:hs.

3) The Hamming codes, and all codes with the seme [n, M,d [ pammeters.

4) The C&B,l&,?)gbiﬂaﬂ/ C\:lo‘a‘} code. C23, and all codes eg,oi\rafer\k
Eo b [see Vgaf,

5) The (((,6,5)~tetnacy Golay code and all codes e;l,ui\m(en& & €.

A GM for this code is B
ol & Al
G = IglOl'&Q
2l ot
2 0|
- L a2 to |exi
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V3% Syndrone Decodine
Let C be an (n,R)-code over F=GF@) with PcM H.

DEFINITION Leb 2,9 6 Vn(F). We write X=Y (mod C) if xyeC.

FACTS 1) = (wod C) is an equivalence telation.
The seb of equivalence classes pavbitions \(n CF).
3) The ea‘,uiva(ence_ class contrining ¢ Vh(F) is
Crx= {36 Vn(F) : y=oc (med Il =Jcsx: ceCZ)
and 15 called o cosek of C.

\V/a(F) C |Cwx,|Cox, Caxg | oee-




Find all cosets of C.
SOLOTION The cosets of- C are:

—_ Sa_

Lol

EXAMPLE (cosets) Consider the (582)-binary code. C with GIM @\,:I; I \o:I'

C= C+o0000 "“[ooooo) lowtl, oli(o, uoo\? Ctioiv= Crono =Gt itool,

C+(0°°° - {(oooo, ooltl, 11LL0, 0\00(3 Croow =Grino =Croicol.

C+ olooo = {otooo) 1w\, oouo, (.oool},
C+ ooloe = {ooloo, (ooll, ololo, u(ol]
C+o000lo0 = {06010 lotol, otloeo, l(oll}.
C+ o000l = {ooool, Voo, O\, 110003.

C‘l'(o(oo = %(0\00) ooOLL, Violo, ollol}

C+(C>°l0 = {[06(0) OO\OI) llloo) olOllS‘



FACTS C(cosets)
) C+o =C.
) 4F ye C42, then C—j-'j = CHoc
3) Al( cosets of C have Lhe same sizc) name,[j (Cl:qu
%) The mowber of distinet cosets is qf’"f

DEEINTION Let H be a PCM Sor an (n,R)-code C over F.

.—8%_.

Lel- e VaCF). The syndrome of- x (ot H) s s=HxT

noTeS 1) SE Vo-r (F).
2) All codewords have syndrome o.



THEOREM Lek DC,SGVn(F). Then 9(‘.53_ (mod C) i§F Hx :Hj".
So, cosets are charackecized by Eheit- syndromes .

CrooF We have oc=yY (mod c) gL x-4eC L H(1~61)T=O
i5f HxT =ty O

DECODING Recoll bhat ce C (s sent and +&Vn(F) is teceived.
The (unRnewn) emr veckst s e= 4-~c. Since t-e=C, we have
+=e (mod C). T, +and & are in the same ceseb of C.

DECODING STRATEGY (iven +, §ind @ veclor e of smallest weight
Ehaet has the same syndvome as +: HeT= HT’T,\

CMLD ! Decede + o c=14—-ge,
TMLD: 9 & is unigue, decede + bo C=1-€; else Tgfect T
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QU ESTION %iven H and 1+, can one efficiently Lind a vector
e 0{' Smallest wecghé Sodh that HeT = H—r"'?[ﬁgn&mmc olecoclina famlolem]

FACT This problem s Nf-hard, which strongly suggests thab mo
%cnevul- purpese eLficient algorithm ewists.

e 4 any NP-hard problem

can be solued effrciently,

then all problems wn NP
can be soled ej-grclenéﬂ/)
o P=NP”,
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SYNDROME DECODING ALGORITHM (CMLD)

SETUP For each coseb of C, Select an arb(bfary vector oi"_ swmallesE

weighb in that- coseb, and aall 6 the coset |eader o that coset.

Stesre o- table of coseb
leadevs and thelr S'dmd(bmes,

n-R
coSet [eade+ Syndrome § 9

DECODING ALGORVTHM (CMLD)
Ca'tk/en +€ VaCF), compite s= HAT . Leb the a«eseonding coset
leader be €. Then decde 4+ to ¢ = t—e.

NOTE The decodint} al%on'(:\'\m (s aoamnbeed to make the coweet
dectsion if the ewor vechor iS @ coseb [eadeY: othetsoise, \E€
s %ananEeedq to make an incorrect decision.
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QELECTING COSET LEADERS

THEOREM Letk C be an (nR,d)-code over F. Leb 2c6Va(F) be
a veckor og— we(‘g,h(:- < Li;',"_l. Then oc is a caseb leader.

PROOF Suppese ¢ ts in the Some coseb &S x, with Y#x am
wa(}) < wlx) £ LY. Then xsy (mod C.'), so :c—géC and
x—kg,aﬁo. Bot Sl 1
w(:r.—g): ooC:t-l—C-g)) L w@x) +wlty) = w) -kw(g) < L;J*J:;‘_(Sd—l-
ThiS conbmnd.icks o\CC):d, so no such y exisEs.

Hence, oc 15 the onigue vecbor of smallesb welshé in iEs COSBL')
Se wmusk be a coget leadet+. [




—~38~

EXAMPLE (s%ndro\me olCcool'mgr foc the code on slide 32)
* For the C‘E,a)vbinam/ code C with GV, R = |:l o1l l:|, we have

l(l oo oclite
a PCM H=|'toet e | Nobe that d(C)=3.
looo |
*  SYNDROME TABLE DECODING
Coset leader  syndvome + Suppese 1= |10,
v
f’°°°’°—c"?‘° » Compute s= HiT= olo.
0 060—
51060 1o - The cowesponding coseb leader-is
oo\ 0D 100 - o
000\ O—— (0 €= oeclo.
0006 |l— ol * Decode to c=4-e=\lool,
jlolocO— o\ |
ool Q——— 0|
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NOTE  Syndvome decoding s nob efficient in %eneral sinee
the Sﬂndrovne table is exponenbia((g lage,
For an (0,R)-binary cwde, the syndrowe table hes size

é?,“—p( n + Cn—(cﬂ) = a"'R (an-R) bits.

# cosets cosek Sfd ndrome
leod.ev

EACCUQ\L/, ook 2a"Rn bits are nesded since the table can be
Sorbed by syadrome, and then the SHnd«fbvrcs do Mot need
bo be stoced |



