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pach Yow is the

left cyclic shift of
the previovs Tow.

| O (10« 100 Ol ]1axu
. Let|G =[Tal Bliax23] G is o GM $or a (33,12) ~hinary code
called Ehe (b‘mox\/) Golay cade Caz. 4a fact, d(C23)=7 [9'00§ hbe*']

cLaM Ca23 1s a pecfect code .
PROOF We have e = [ (d-N/al=3, and

M2 (D= [ (209 (3)] -2 o
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THE EXTENDED GOLAY coDE Cak

*Can s the bmary cocAa with GM &= [Ilﬂ\ejmuau, wheve

© o |ttt
— AN tltotvilocosle
8= ' B so B= ‘ : °
i Jaxia | oyt ovitooel|axia
« PROPERTIES OF Cax
1) Cau s o (2y,18)- binary code. /pCCCJ‘

2) GG =0 [check this]. Hence CQL\ < CoL; So Caq is se‘(—'—oréhogonaf

3) Smee dim (Cox) =dim (Giy) =12, we have Cay=Cai. So, Can is self-dual.
5) 6=87 (so Bis Scamme{'n‘c) R A
5) A cM $ov Caq is H=[-8"|Tal=1[8]| Ta]. c=C

6) Smce Caq —-C'.u_,) 18 alse a0 &M 'SLM' Caz,
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THEOREM d(Cay)=¢.

PROOF Leb the rows of G be 41,12, ..., Ta. R K
i) Note that ®@) =12 and w(¥;) =¢ o+ a<iza. =
Hence £4w(¥e) for all i- Now, 111y =0 since GG@T=0,and 50 the
nombey of cosrdinates of 1 and ¥} thet are both 4 is even. Hence,

4[&5(4’&4’1’4’), and so every codewovd has weight divisible by 4.

Thes, d(Can) =4 o+ 3.

i) Next, wel) show thet no code wovd has weight 4 (so AA(Cat)=3).

*Each tow of G has weight = 3.
.Addinq, Fwo TowSsS o,&: & w(ﬂ-}-fa’):g 'ﬁ-m' asl_'ﬁm, [ChecR &Wsj
W (T +T)) =8 for @< i<f212. [CheR this |
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°Addm% 3 vows of Gt Leb c=Fi+Tj + th, whete 12i<j<R=1a.
Lek c=(0y), where =4 hove lengbh 1. Svppese w(C) =4.

Since w(x)=3, we have wl(y)=l. Since H=[BlT&lis also a
GM for Cas, c wmoust be a single tow of H. This Is imposSible
since each tow of H has weighk 3 ot 12. Hence, w(c)FA4.

‘Addin% 4 tows of G ek c= itV + TRt 1, where 1ec<g<R<l €@.
LeEt ¢c= (ﬁf)‘j)/ and suppose w(@=4. Then (=) =4 and w(g) =0,
Bot tl dees nok have any such veckor in ks +Yow sgace. Thus, () #4.

-Adding 25 vows of G if c= (%9) is the sum of 5 or wmore Ows of
&, then w(x)>5, 30 w(c) #£4. O

coRoLLArRY d(Caz) ==
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thb A Decodwng ALGor\THM For Cau

RECALL m =24, R=13, d=8, e=3,
G= E:Emle:' and H:[B\Im] are both GiM s and PCMs -S"O'f Caxu.

DECODING STRATEGY (I MLD) Compote a Syndvome. S of the received

word . Find a vector e of weight <3 £hat has Syndrome S, I¥ such a
veckor € exists, then decode + to c=1-ej else tefect .

coRRECTNESS 4f the error vector has weight <3 then the decoder
Q‘wa.!és make the cowect decision. 4f the ewor vector has wergi\b =4
Lhe decede+ wil| eithey V‘e&eok T, or will decode +~ to a codewovd
diffecent from the tramsmitted one,
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DECODING ALGORITHM FoR Cak (W\TH TJUSTIF(CATION)
‘Let +=(2,4) and e=(€,e2), yhere %Y, 8,82 have length 1.
« There are 5 CcaSes (tﬂ: mu(:ually evclusive) in the euent w(€)<3:
(A wle) =0 and oule2)=0.
(8) (fwle)<3 and wle)=0.
(C) wled)=1or 2, and wle) =L
(D) wle) =0 and |=wl€2)=<3.
(E) w@)=\ and w(e)=1 o~ 2.
y Comfvbe the Sandmme S = [:Cca \63 ¥,
4f Si=o0, then accept + and STOF. [case. A__J
Q) [_Nobe: 5= E'In:\@] =[Tal 938T= e;r-r 6e§=c}r, So, if we e in case B)
then (Sw(S) s3] 4F w(S) <3, then set e=(sT,0). [case 8)
Correck oC in the pos?{ﬁons CorreSponding bo the 1’5 in S and STOP
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3) [Reaal(: S,= €(T+ ge, . 4f we ace in case (¢), then s, is eclloa( b a
coluwn of B with one o+ Ewo bits §)ipped (degending on which bits
of e are ], Compare S, with the columns (or vows) of B, I:Casecﬂ
4F any column of B8, sey, eolown ¢, differs in evactly one CS%J p ot
koo (,So.g & and R) posittons feom Si, then decode 4-:(9(,3) as follows:

Correct x in pasibron §, or in pesibions [ k.
Corveck ¢ n poSiion L, and STOP.

&) Compute Ethe syndrome. Sa = [(B1Tal+" = [B8\Ta \eT= Be +eT=¢T
4 (Sa) €3, Ehen correct g in the positins corvesonding to the
4’s in sa and sT0P. [Case D:(

5) Analegous Eo step 3. [Case E]

6) Re&‘ec(: + (since wle) 34).



DECODING ALGORITYM FOR Ch
Suppese +=(2,Y) is +eceived.
D) Compote $,= LTI B1+T. U =0, then accept + and STof. (A)
) € w(s) <3, then set €=(57,0) and decode + to c=+-e and sToF (6)
3) Compave S ko the muws of B. 4F row i of B differs in evacthy one
position (Say j) or two pesitions (Say jand R), then:
Corveck x n posiblon |, or poSitlovs AM R 5 Correct ¢ in estion i; STef. (C)

A) Comf)ul:c So= EE)H:\Q] TT:
¥ w(sa)<3, then sek e<(0,5T) and decde + to c=1-& and sTof. (D)

5) Compave Sy bo the. rows of B. 4F row | of B differs in evacthy one
PoS.'lstov\ (,SQ(J 1,) or Etwo POSEHDV\S (Sag jand R) , then:
Corveck Y o positiion |, or positions Aand\ R 5 Gorreck x in gosition L; SToP. ()

§) Reject +.
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¢ EXAMPLE Decode + = (\006 (000 ©O0OO00 (0ol 600! Lot ).
SOLVUTION ComPobe, S = EI‘:\B—_\TT-_-CO&OO 1000 oooo)T
Since. w(s,)=2a, we set e=(s],0) and decode + ko
c=v-¢ = CU_OO 0000 0000 (pOf 00O uos). [Check: HcT-:o]

¢ EXAMPLE Demde ""—“—(sooo Q0(Q 00006 (06O IO ooco),
SOLUTON  (Compuke. S(= [ T2 18T+ = Clott 1110 to)”,
Then ©(s)>3. We see that S, di$fers in posiionS & and F
—S’(o‘m COW 4 of B. So) we =t e=(ooeo 0110 0060 ooB| 08B0 0809)

and decode + to c=1-e= (Looo ©100 0000 100} Li0] omo‘)~
EChQCR.‘ HCT:.oj
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NOTES (decoding algerithm for Cas)
) The decodl‘ng) o,(ﬂorilﬁm onk/ needs o skore B (its bits).

40 contrast, a syndrome Eable has size 2'%x as = 48,304 bits.
3) Decoding is efficient and Sinple =7 good. for herdware implementnbton.
5) Cau‘ was used in khc\/o&‘l&e‘*‘ seace mission Eo bmnsm(l; PhoL’oS O?

Jupiter and Satvm Ee eavth.
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V‘I-c Revasiuity oF Cay

* QUESTION T¢ Cau better tun s}melef— codes swh as the binery
reettcah‘ov\ codesS and the qu\m'm% cgdts?

"Let p=symbsl evor probability, and C=1{c,ca,.--, cml.

* Let we= prob thet the decedlna, a\aorfl:hm makes an jocxreet decision
ot 're_&ec(:s i€ Ce is sent.

. Pc 2&):. = W = ercor pmbmb H:\/ os: C.
-1-F = q—e\,qh,hky of C = preb. that + is olecoded corvectly.

(D For Can, 4-Fean= (ep (o0 (e (B e

(3) TE wo channd encodmg {s ysed, the erob thet @ 1a-bit messege Is
transmitbed with no errors is (1~ (’)
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(3) Suppese the binavy triplicatron code T is osed to encodc
1R-bit messages. Thea 1~ Cr =[(i- £)3+ 3p (“P)]

(&) Suppose that a (15, (\)- ~bnavy Hammmq, cede H is osed to encade
(- bk Messages. Then 1~ Py = ((—F)‘ + (Se(\—- )™

e (-p)* 1-fr 1- Py 1- Rean
0:\ o-agaLnad o-71 206 0-549043 | 0O-+35738%
00! 0-886385 | 0o 4496480 0-490378 ©.9994 09
O-0ol | 06-93%046 | 0.993944 | ©-a99846 | O-qa999499895
Rate 1 L2033 | Lxo33| H =05




