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Orthogonal bases

+ Let V be a k-dimensional vector subspace of R" with ordered basis

B = [bl’ ’bk]

+ Bis called an orthogonal basis for Vif (b, b;) =0 forall 1 <j<i <k

+ The dot product (or inner product) of u = (u,, ...,

is(U,v) =uv;+ - +uy,.

+ u and v are orthogonal if (u,v) = 0.

u,),v=0w,..,v)eR"

+ The length of a vector u is ||u|| = \/ulz + - + u,f = \/(u, ), so

(1) = ||ul|*

+ Theorem: V has an orthogonal basis.
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Linear algebra background

+ Let V be a k-dimensional vector subspace of R” with ordered basis

B — [bl’ ’bk]

+ The orthogonal complement of Vis V- = {x € R": (x,v) =0, Vv € V}.

+ V4is an (n — k)-dimensional subspace of |

n

+ The basis B can be extended to a basis [by, ..., b;, b, ¢, ..., b,] for R", where

BJ_ — [bk-l-l’ coco

+ Now, letw € |

b,] is a basis for V=,

"and write w = ¢;b; + -+ + ¢,b,, where ¢; € R.

+ Let Wl — Clbl + - + Ckbk and Wz — Ck+1bk+1 + o0 + Cnbn.

+ Then w = w, + w,, where w; € Vand w, € V-.
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Projections

V=)

. %

+ Definition. The projection of w € R" onto L i(w) '
Vis Il (w) = w;. :
+ The projection of w onto V- is E
[y (w)=wy, =w—w; =w—IIj(w). :

+ Thus, w = II(w) + 1. (w). E .

[ (w) V
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Exercises

1. Letw,w;,w, € R" and suppose that w = w; + w, and (w;, w,) = 0
2 2 2
Prove that |[w]|= = [|w{]|~ + |[w,]|~.

2. Let V be a subspace of R".
Prove that I1y.(w + u) = II,.(w) forallw € R"and u € V.

3. Let V be a subspace of R".
Prove that ||w|| > ||II,(w)|| for all w € R".
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Application of orthogonal bases

+ Lemma. Let B = [by, ..., b;] be an orthogonal basis for V C R”, and let w € R".
X <W9b'>
Then ITy(w) = )’ T b,
j=t "%
+ Proof. Extend B to a basis [by, ..., b,] for R", where [b, ., {, ..., b,] is a basis for V4 and
write w = ¢,b; + --- + ¢,b, where ¢; € R.

+ Foreach 1 < j <k, we have
<W, b) — <C1b1 + -+ C b b]> — C1<b1, b]> + -0 + Cn<bn, b]> — C]<b], b]>,

n-n’

Whence, C] —_ <W, b)/(b], b]>

X <W9b>
J

j=1

[ ]
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Orthogonal bases exist (1)

+ Theorem. Let V be a subspace of R". Then V has an orthogonal basis.

+ Proof. Let B = [b,, ..., b,] be a basis for V.
Define b = by, and for 2 < i < k define V* = Span(bf, ..., b* ) and
bi* — H(V;k_l)l(bl)

+ S0, b is the projection of b; onto the orthogonal complement of the

subspace spanned by the previously defined vectors b¥, ..., b* .

+ To ease the notation, we’ll write I1; instead of IT ..
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Orthogonal bases exist (2)

+ Claim. For 1 <1 <k, define V; = Span(b,, ..., b;)
and V* = Span(b¥, ..., b¥). Then V¥ =V, and
[DF, ..., bl.*] is an orthogonal basis for Vl>I<

+ Proof. (by induction on i)

+ V¥ =V since bF = b,

and [bf‘] is an orthogonal basis for V;k.

+ Leti > 2, and suppose that V;‘i = Vi

and [bF*, ..., bl?‘i 1] is an orthogonal basis for V;‘i

-
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Orthogonal bases exist (3)

+ Proof of Claim (cont’d).
+ And, b; = b + 11y (b) € V¥, so V; € V*.
+ Hence, Vl>I< =V, so [bF, ..., bl.*] is a basis for Vl>X<
+ Finally, since b* € (V¥ ), (b, b¥) =0forall 1 <j<i-—1.
+ Thus, [b*, ..., bl.*] is an orthogonal basis for Vl>I< [ ]

+ Proof of Theorem (cont’d).

+ B* =1[b*, ..., b]f] is an orthogonal basis for V]f =V, =V.
+ Thus, V has an orthogonal basis. []
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Gram-Schmidt orthogonalization

n

Input: A basis B = [by, ..., b,] for a k-dimensional subspace V of |
Output: An orthogonal basis B* = [b*, ..., b]f] for V.

1. bF < b

b = Uy (b)) = b; = Iy, (b))

2. Forifrom2to kdo

(a) Compute p;; = (b;, bV ||b*||* for 1 < j <. The y;; are called Gram-
! ! Schmidt (GS) coefficients.

1—1
(b) b — b;— ) py;b*.
j=1

3. Return(B* = [b*, ..., b]f]).
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Gram-Schmidt and lattices

+ Let B=[by,...,b,] C 7" be a basis for a full-rank integer lattice L = L(B).

+ Let B* = [b¥, ..., b¥] be its Gram-Schmidt basis, so bf = b, and

i—1
b¥=b,— ) ub* for 2 <i < n where u; = (b, b¥)/||b¥|1%
j=1

+ Note that B* is in general not a basis for L since the y;; are typically not
integers. Nonetheless, B* reveals useful information about the lattice L.

+ Exercises:

1. Prove that ||b*|| < [|b]| forall 1 <i < n.

2. Prove that (b, b*) = (b*,D*) forall 1 <i < n.
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A lower bound for the first successive minimum

+ Theorem. Let B = [by, ..., b, ]| be a basis for an integer lattice L = L(B) C Z".
Then 4;(L) = min; ||b*||.

n

+ Proof. Let v € L\{0}, and write v = Z vb. where v, € Z.
i=1

k
Let k be the largest integer such that v, # 0, so v = Z vib,.
k k=1 =
Now, (v.b¥) = () vbyb¥) = () vbub¥) + (mb.bF) = v(b¥,b*) = v |Ib*|*
i=1

=]
K
<V’ bk>b>I<
161>
VIl > (lvbl = [vel - 1BFN > 16 > min; [|%]]. T

Hence, 11, bik)(v) = = Wb, from which we conclude that
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Volume of a lattice (1)

+ Theorem. Let B = [b, ..., b,| be a basis for an integer lattice L = L(B) C Z".

Then vol(L) = [ [ 1162I!
i=1
+ Proof. Let B, B* and Q be the n X n matrices whose ith columns are b, bl.*and

b*/||bF||, respectively. Let U be the following n X n upper-triangular matrix:

1 py, H31 = Hy
1 H3zp = Hypp
U= 1 Hu3 |’
1

and let D be the n X n diagonal matrix with diagonal entries |[6F|, ...,||D;]|.
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Volume of a lattice (2)

+ Proof (cont’d). By definition of the Gram-Schmidt basis,
we have B = B*U.
Furthermore, B* = QOD.
Since B* is an orthogonal basis, Q is an orthogonal matrix, i.e, Q'Q =1 .

Thus, B = ODU, whence

vol(L) = |det(B) | = | det(Q)det(D)det(U) | = |det(D) | = H Hbi*H. []
i=1

n
+ Note: Since L is an integer lattice, vol(L) € Z.,. Thus, H 107 € Z5;.
i=1
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