VO INTRODUCTION -

. Cookmq, theory is about clever ways of adding. redundancy to
messaq.cs to allow Sor (ef{«c(er\t) ervor defection and corection.
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& OALS OF CODING THEORY
‘$eSi3r\ codes with (i) H'cgh G’W—waecéiﬂg, capabilib‘d.
(1) High informabion Trate.
(i) Efficient enceding and deceding algocithws.
« YEgfictent” = efficient n hatdware and softwate.

« COURSE oVERVIEW This cowrse deals with aigebmic. methods for
designing, %goJ. (block) codes. These codes are oset Soc teliable commonicabions
and sterage: seace probes, CD/DVD/Bluefay , oee cless, diskR storage,

QR codes, ebc.

* NOT coVERED LDPC godes, Turbo ades, Rapbor cedes, Polar codss, ...,
Acd newer gpplications: Distribbed Stage, aompressed Sensig,
Qrovp Eesting, Learining theory, a(go“iﬂ\”\ design, Complexity theory,......




THE Ble e\CcTuRrRE

_..4..’

o Codzn% Uﬂ?ora in tts broadest sense. deals with &=chn igues Jor the
etficient, secwve and Teliahle Ecansmission of data ouer communications
chonnels that mlgh& be svb ject Lo non-malicious errors (notse) and aduersaval
intrysion. The (abter inclodes passive intrusron Ceo.uesdyroeemg? and acbue
intrusion (i néec:&ron / deletion / modl—ﬁca(:lor\> .

° Source Encrgpbin/ Channef
Souvee, [—HA 20 )Au : S e Modolabor

. Sauce fDeaﬂpbloz}/ C haanel
Receter e ~ooger K \Verificgbon [© | decoder [ | Devedolator




COURSE OOUTLINE —5—

LEARNIN G QUT COMES
D) Demanstrebe . $undamentz] ondevsionding of the binary symmetnic channel,
Oleardlng sbm&gfes ) and. the cw(ef\aes in dﬁ?aning, 8004 codes.

2) Construck cedes , and dewse efficient enasri.faa and. decodlr\g, o,[%or;éhms
for them as a means of %mning, expesure to the applrcations of
lmear algebva and abstmact algeba .-

3) Analyze the proferties of wajor families of- alochbmic
eades 'mcluallna, linear codes , Hammsng, codes, @)olay codes,
Cyclic codes, BCH codes, and Reed-Solomon cedes.
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COURSE PREREQUL\S\TES

s Linear Blgebrr: vector spaces, ltneor independence, bass,
v

Gaussian eliminatien, null space of a matnix, ranR of a vnatny,
e E (emenmr_y Nomber 'TT\eo(:{: C‘or\aruences 5 t‘nl:caevs wedulo (Z-n))
primes, Fermvatb s Little Theovem,

COURSE INGREDIENTS
¢ Lineac Algebva
- Abstmct ngebﬂx

( groups, V}ngs > field s)

EXERCISES
* Problem sets for each chapter (uwth Solu{-ronS).
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VAA @ssic Dernvirions and Concerts

Source Channel | chamel Chwannel Sauvee
Soure ﬁ| enceder enader /§ >| dhecoder [ 7| decodet ﬁ| Recelver
n

olse

DEFINITIONS
o An o.(?ha.be(: A IS a —;im'ke. set og— (1/?& S%mbols.
* A word (s a finite Seguence of Symbols fram A (alss: vecker, togle)
* The lena of @ wodd is the vomber of 3y mbols it has.
* A cde C over A IS a finite set of cov(ds (with \C\|=za)
* A codeword 1s A word in the cede C.
* A blaR code is a code in which all adewods have the same length,
* A blocR cede of lergth m anbaining M cedewortS sver A is a subset
C A" Lith (Cl=M. Cis caled an E“,M]—mde, over A




Charne( Channel
encoder— decodet

s EXAMPLE

C:{ooooo) oo, oolll, lotOla is o [5,4]-(042, Ve ‘fO,ti
Ssurce messages Co de words

(e]e) H0000
o\ IlLIOO
Lo ool
VL \o 1ol

* The. channe| encodet on’LJ, tansmits codewovtls.
However, what s teceived Moy nok be a codewovd.

* EXAMPLE
+3 (000 1S teceived .

What should the channel deceder do?
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ASSUMPT LONS ABOUT THE CHANNGEL.

) OnI\/ scdmlools —?mm A ove transmitted, (Mhavd decisron codfcﬂgl')
&) No sambols are |ost /added/ interd\ayoaeo( duri"‘} transmission,

(3 The channel is a C}-s%mmcﬁn‘c channel
let A= 74,,Qa, .-,.)qu.
*Lek K =1 symbol Sent
‘Lek Y = b Sambol Teceived, =P 1§ ;S:k,
“For ol L?’) IS&')RS% P*CYisaRIXL:aJ): E?;’ i§ A?k
P 15 called the sywbol error probability of the channe| (oxps1),




BINARY SYMMETR\C CHANNEL (BSC)

¢ A a- s%]wme{:rrc. channel 1s called @ Bianry symmetnc channel

o) ol o
s

Sent o Ceceived

1 =f 1

* Fora BSC:
(D) p=o, the chonne| I1s perfect.
(a) 3¢ p='h, the chamel is useless.
() §f Va<p<t, then .Si("ppin? a(| +eceved Bifs converts the
channel to o BSC with osp<'Q.

(4) chce:for&k, e will assome. thab [O< P‘Va for a B5C|.

—-1]-



EXERCISE

* For a q—sqmme(:nc channe(, show that one can take

o< pP<

witheut loss of 3eneral by

Hint: First consider the

*Ln the vervinder of the

%

case. Ci,=5.

course, we shall assume that

O<P<

—1
4

—12-
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TNFORMATION RATE

DEFINITION The nformation cate (or rate) R of an [n,ﬂj*b(ock
code C over an alphabeb A of stze 9 1s R = (fogq,f‘/O/'rL.

‘T Cencodes messages that are the k-tuples sver A Go |CI=9F)
then |R = Ri.

‘Note: 0<R<4.  Adeally, R shovld be close to 4.

« EXMMPLE The rate of the b‘ma,vy cade C-‘-%ocobo) L1100, el lolol}
s R= 3.




HAMMING DISTANCE —\4—

DerintroN The Hammf'\g, duistance (or distance) befween two N-tuples
in A s the nomber of aodinate posibions in which they differ.

THEOREM (properties of Hammivg distance)
Tor all x,g,zeA": () d(xy) 20, with ot(x,g)zo £ x=y.
(3) d(x,j) = dca,x),
(%) dixN+d(y,z) 2 drz) (L inequlity)

DeFINITIoN The Hamming distanee (or distance) of an [n,M]-cede C
1s dCC) =mm {d(x,g) . 9<,3€C7 x-f‘j}.

EXAMPLE The distance of C=10006c0, 1t (co, oo, o1 § is d(G)=a.
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VAb Decoping StrATEGIES

EXAMPLE Let C= joo000, w100, oo\ll, lotor].
Cis a [54]-code over 0,13 (a binay code) poith R=%% and (C)=2.

ERROR DeTecTioN ¥ C is used $or ewor detection oaly, the shabay
ts the follewing : A teceled eoord teA" is accepted 1$L +eC.

ERROR CoORRECTION Lekt C be an [M,M|-cde ever A with distrnce d .
SUPPOS& that ce C is tamsmited and +¢c A™ is +ecsived .
The (channel) decoder must dectde one of the —}o\lﬁwing:
(1) No ewors have occowed; accept +-
(i) Swors have occomed ; correck (o decode) + to a cedeword ceC.
Ca{() Erors have oczomsd') correction s Mok eoossﬂn(e,
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NEAREST NEILGHBOUR DECSD ING

INCOMPLETE MAXIMUM, LIKEL HooD DECSDING CIML'_'D)
At there is « unigue cedeword ceC such that dltc) is a minimum,
then decsde + €o c. 3F me such ¢ evists, then tejeck + (aSR
§or rebransmission o- distesard the infermatton).

COMPLETE MAXIMUM LIKELIHOOD DECOIING (CMLD)
Same a3 TMLD, ewcept thabk 1§ there are two o more ceC
for which d(r,c) \s minmum, decode + to On acbitmry ene
of these.
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TS ITMLD A REASONABLE STRATEGY ©

THEOREM TMLD chosses the cedeword ceC -for which the
conditional Pfobaloiliéy P+ \c)= Plris cecewet| c s sent) is larjest.

PROOE Sppese C,C2eC with dy=d(cyr), da=dlCa;r). Sugpese that d, >da.

New, PCric)= (t—-@“"‘“(_f_)d‘ and POrlca)= c\-@“’“’( p ‘)dz
- _,/ -

And, Plrla) - (-p)*=™ < o)t ( o )q,—-dz
a‘,-'l

Plrl ) (-p) gD/ -
No, £ <\ & p<(-PE NSy Py oPSy pa< <& PgL.
(—f) (g-) ¢

Thos, P(rlg) <1, so PGr)c,)‘P(n-[,cz)) and the vesolk follows. []
P(*\Ca.)



MININUM, E RROR PROBARBLLITY DECODING CME:D)

* An ideal st would ke to decode + to e cedewsd ceC for which
Plcl+) =P(cis sent |+ is +eceved) 1s (,a(%esl.’. This s Me)d.

* EXAMPLE (IMLD/CMLD is Mot the same as MED)

Consider C=i°co(0) ﬁ‘u} , and Soppose thal P(c)) =6 and Clc2)=0-9

Svppose P =% (for @ BSC).
Sorpesc 4=100 s the teceived wovh.

2 s S
Thea Plal+) = PHic)- Pe)/Pe) = p(p)x OV/PH) = euo’ PR .
And _Plal) = Plrlca)- Plca) /0 = (X 0-/00) = g -
Se, |MED decdes 1 €o Ca, whereas | TMLD detedes o G|

BANVES TueoreMm: P(AAR) = P(A)-P(BIA) = P(B)- PCAIB)
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TMLD/CMLD vys. MED

* TMLD waximizes Pl+lc) * MED mavymizes Plelr).

(1) MED has the drawback Ehabt the decodinﬁ alaoﬂ'éhm deperds
on the Pm\oaloi lib«/ distioubron b-% Seurce Messages.

Gi)TE a soorce Messagess are @i,ual[g (ikely , then CMLD ard. MED
ave sdentivall:  PCCel+) = Plrlc) -P) = PGrlc) - | ‘
PCr) M- Pe) ~
does not deperd 20 L

Gi) T practice, TMLD /CMLD is used.

Tn this Coorse, we il ose TMLD/CMLD.
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Vic Error Corfecting AND DetecTmg CAPABILITIES

DETECTION ONLY

STRATEGY I 1 1S vecenved, then accepk + L teC.

DEFINTION A code C is an e-cwor detecbing, cede i the decader
alwo.tds wakes the coweck decision I e or fewer enurS per cedeword
are nécaduced by the channel

EXAMPLE (Consrder C= {oeo,ml,
* C ts & Fewor deéec&&rg, code.,
* Cits nob a 3-ewer de(:eo’:hg code .




THEOREM A cede C of distance d is a (d—l)—-evvor-deéecf'mg
cade, bub is not @ deeror de&eob’rg, cede .

ProoF Suppese ce C is sent,

*3F no ems xcur, then c 1s teceved and is accepted

* Soppese bhat the number of enors inbrduced Ts 2\ and =d-i; L + be
the +eccied word. Then \ S d(Hc) Sd~i, se ¥¢C. Thes, + is tejedad.

* Since dCC)=d, there auist ¢,c,eC with d(g,ca)=d.

4 ¢, is seak and G, is recelved, khe deceder acepls &z
the A\ enocs 9o ondetected . []



CORRECTION

STRATEGY : TMLD/CMLD

DefFnTIion A code C is an e-enor Cowecking code i the cleredor

a[wwa_s wekes the coeck decision f e or fewek ens per cedeword,
ave inbveduced bg the. channel.

EXAMPLE  Consider C={oc>0, (ll}.
‘Cis a 1-enor corvecting cede..
* C is nobk @ 2—emc Convecting cedle.




THEOREM A cde C of distance d is an e-ever corvecting code,
where € = Lglg_' . (L= is the ‘a(}‘* ‘mbegsrs :c)

PRoOF S”W’”‘% thetr ceC s sont, at most (d-0/a ewors ae in{:mo(Uced)
and + is teceived. Then d(+,Q) 2 (d-1)/2. On the othet hand,
i c’is any obher cotewod, then
d(+,c’) > d(c,c)—d(+,c) (by A inea;cdibp

2 d-(a-0/a

= (a+1)/a

> (d-N/a 2dHe).
Hence, c is the onigue ceteword o minimum distance from ¥, sethe
TMLD/CMLD deceder Conwectly concludes that ¢ was sent, O]
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d-l

EYERCISE Suppose d CC)=d,amol le e= L—a.l, Show thet C s nok
an (e+)-ewor c,emrec&ing cede. .

SPderRE” PACRING A netural Ci,ues(ﬁm £o ask is: Given A, ", M d, dees there
exist an Lo, ]’cede, C oy~ A of distance =d ?

This %ﬁsbm can be PkmSeol as @n e%o«\/a[ené Sphere packmq p(bb{&n

Can we Fla.ce, M sphevres of radis

L-‘J n A", so that me two A" ’ LA T
SPheﬂeS ovedaf? o ' “E.

C={c,ca-pCnl, €= 1% 1.

D = spheve of vmdivs e ceaberad ab ceC ’ : .
= all wods withn distance e a(l C. e . °

\/\/C vad % 9{: Cl,Cz GC, C(-ﬁc.?) k‘\eﬂ SC,O&’E@ i .




* QUESTION Lek 1/::1, n=13a%, M= =Rl
Does bhere exst an E‘n,V\]-bMaxy code with dZar?
A so, can encedlvu} and deceding be done e&lczmely?

e e will construct soch a code W V6.

A‘Y\

The mamn €ods osed wsill ‘e linear . | . .
algebra (over finite Sields) and
abstvack algeba C'V'mﬁs and\ §'leld3). o, .
’ ‘ ’
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NTRODUcTION To FiniTE FueLDS

DEFINITION

A commutative Ying (R 1,) consists of a seb ?,l:oacﬂer

with twe opemtionS +: RXR—>R and *:RxR—7R such that .
(i) a+(b+c)= (arb)+c ¥ahceR | () a-(b-c)=(a-b)-c va,bceR.

() a+b=b+a Vabek. (i) a-b=ba vabek.
(i) 30eR with o+a=a YaeR, | (i) 1R, 1#0, such that
(iv) Fov each aeR,ﬂ—aelQ, a-1=0a VYaeR.

Such that a+Cad=0, Giit) & (b+¢) =a-b+ac VabceR

* NOTATION

We will dlenebe (R4, -) by <.

-exanee Z 0, R, C ace commotatie +ings.
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DEeF(NITION A field (F+,) is a commubative ting with an addibonal
(:ro(zc(hé (ix): YaeF with azo, Ad eF svch thet a-a'=4

4 EXAMPLL @)(R) C ave -SlleUs. Z is not- a field.

DEFNITION A -?:e(o( (%, ) is o -Fm&a—?\do( it Fisa -?mbs set;
othevwise it is an infmite 'Qne(d 8 -F' is a finfke Sield, s oder ) \-\-I

cexameee @, R, C ace infinite Lields.

* QUESTIONS 1) For which integers M2 do fnite ficlds of wdern exist ©
Q) Bow does ane construck such a field, e whet @re the fick
clements, and how ace $reld efera‘ﬁ‘k)ns pecformed ?




";28"'
THE INTEGERS MODULO m

‘Let n2a. Recall treb Zn consists of the set of equivalence chsses
0(’ iméegers modolo YL 3 Z“ = ‘{,EOJ) Z.(], [211).,.}[."\-(13) with addibon and
molEipli cobion done in the natuval ay: [a]+Lb]=[a+b], [ol-[b)=Jab],

* More s}mPlg, we_ write Zn={0Jl,9~J-,,,'n-(3) andk  pevform addibion
and mu(k!P[ica{:rov\ modolo M.

* EXAMPLE  Zq= 4o, l,a),,,,s}. n Za, 347221 and 3-7=3,
More precisely, 23+7 =1 (med @) and 3-723 (med 7).

* FACT Zﬂ 15 a {inite emmutative Ting.



QuESTion: When is Zn e.—f\'e(d?

THeoReM Zn 15 a field if§ w15 prme.

PRooF (<?) Soppese that n is prime. Let acZn) a0 (so (=a<n-y)_
Stace n is prime, gco((a,n)=l- Henee Xs,teZ such thak
as+nk=1. Qeo(uc(nﬁ, both sides wedolo M 8‘:ue5 as =y (mekn).
TF\OS, Q-‘:SS ard so Zan is Q-fte(d'

(=) Suppese that m is compesite, soy m=ab where aga,bsn-l.
Now, '(G a"(eases) mz RC=\ (mod 'n')) then abcC = 'O (mned —n),

se Mc=2b (med M), Thvs, bIo (med M), ss m|b which 15 absud
Since A sbs -1, Hence, L is not @ field, O
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QUESTIoNS
* We have established the existence of finite fields of order M,

for each prime M.

* What ebout- finite fields of sder n, whee m is composite €

“Tn Parh‘cufar', is there a finite Jield of cheVA.? €7 37 9? o ?
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Vab NoN- EXISTENCE oF Fu\\t'r: F\EL:DS

DeFinITION Let F be a {reld. The chacacteristic OF F) char(F),
is the smallest positive integet M such that |+14---+1 =0
4 wo such ™ ewssts, then char(F)=o0. ~n

examele @, R, €© have characterstic 8,
Z‘O (e erime) \r\as chat{‘acé’erisé'fc f>

THEOREM 4L char(F)=0, then F is an infmite freld -
EROGF The field clements t y L\, ave dustinct, becayse if
414k L= L4t} wheve a<b, Ehen Qi - -+n')-(ml) = et (RO,

o. ") b o~ b-x
conl:ma\(cf:\‘flg, c,hOA‘CF)=O. O
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THEOREM Let F be a {teld with char(F)=m#o_ Thea m is prime.

PRoOF  Suppose w s composite, Say m=ab where asabiml.

Let $= I4++---+1 and £=(+14+---+1 and nobe thab S¥o,t#0.
~ (e

*x b
Then st = CH’H‘"'i'l)‘Cl-I-l'I'“--\—D = H+Hl4---+ 1 SO
T — P
b 18]

Thes, §k-t™=81=5=0, a conkadiction.
We anclude that an s pime. []
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QUBFILELDS

‘Let Fhe a finite field of characterrste p.
+ Consider the subset of elements of [
E =20, (4, lhed(s .o, H-\—}"——J-l}.
W ——

p-t
* The elements o E are distinct.

» One can verify that E'1s a §idd, 0sing the same sperbins as T
E is sald te be @ subfield of F.

40 we identi,&a the elements of E with the clements of Zo in the

aatual way, then £ 13 essentially the same field as Zp.
* We have proven .

THEOREM
Let F bea -ginlﬁe «Fle[dl b(f chavac € erisbe F. Then ZP 1S a gobﬁdd oft P




FINITE FLELDS AS VECTOR SPACES =

‘let F ke a fintte —ffeld of charackeristic e

‘Iden'&TP} veckors «<—— elements of F
scalars €—— clements oy— Zg
veckor additon<—7 add;bion of F
scalar multipliaion$— moleiplcation of F.

*Then T js a veckor Space over Z\o
Gi-e. £he. axtoms thak def\ne. o_ webor Seace are Saﬁs?\ed)




FINITE F(ELDS: NON-EX\STENCE

Theorem Leb F be a finite field of chavfenstic p. @
Then the ordevof E is P for some NI

PROOF Let the dimension of F as & yector space ever Zp ke m.
Leb o Ka,...,%n be @ basis fs= F over Zp. Then each element get
can be wribten Untq,“eltj, in the Jorm B=Cio(i+-Cplat---+Cefln, where. QéZ’~
Thos, ¥ = §CloltGaolat~-+Gnoln : C: QZPK) s |F|= F’“ 0]

EXAMPLE There do nsk exisb finite fields of ovders 6,10,18, 14,15

QUESTON Do fintte fields of sders 4,8,9, 16,35,2%,... exist 0




V2c¢ Existence oF Fnre FLeLDds e

* POLYNOMIAL RINGS let F be a ficld. Then FLac) denotes the set
of all poynomrals in x with coefficients Srom F. Addition and
moltt?(ica{ribn e{L Palanom?uﬂxs in F[x) 15 done in the vsoa wo.g ,
with coeffictent acithmebic done n T

o ExaMPLE 90 s [x],
« (24 +ax31— x4 )+ ( X’y o Fax+3) = ok a0+ x4 3x+a.
(B e sxn) (24 x43) = ot b P ax s 4242,

FACT Flod is an infinite commubative Ting .




CONSTRUCTI(ON OF qu&‘ FLELIDS MALNI’DE,'A

A4
Fixnza o) an&
a=b (mtn) °T$f"’

infinite S‘lee— ~ f.\‘—mi(:e
commutotive +ing commutebive. ting Freld
Fix :Fe Ze [ij Oﬁek
deg(f)=n £ welverble i

g= =h (mod 9)

AR Zpl£1/(S) Zplx1/(5)
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POLY NOWLAL DW/ISION
‘Lek §£,9 ¢ FLxl, with g#o. Then there exist onigue polynomials
t5eFlx] with §=59+4+ and deg(+)<deg(g),
7,uol:ienl,— A K.rema‘mded—*

: B‘J conyention, deg (o) = ~o0 .

4x* +3
axz-l- DX +Lt.>3f)CA + 9\.‘13 + AXT4 X +
334 +aod + ot
Qluoﬁ-l’enl: Aivisoy xi +X 4+
R Yemainde+ X +4 X+ a
60> £= (4;{}.{—3}%-&' (3&[-!—47, 93C+L§
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THE RING FI[2x1/(S)

DeFniTionN LeE feFIx] with deg($)21. Le€ 9,he Fxl. Then g is

congroent bo h wedulo §, weitten g=hlmod §), 1§ 9-h=Lf for sene
LeFixl gqovalenatly, £((g-h), or g,h leave the same remeindet-
vpon division by 5.

FACTS The +telabion qslq (nod £) is an valence relatn and f:arﬁb’cns
FLx] ko & walence classes: [g:( ={he F{xl: G=h (mod § )‘f(,
Addition and molespliaatTon s well defined : I:%]—f[h] = [.3*“\1 [‘ﬂn\] ‘—’[j-hl

DefiniTION The seb of a}ui\/czlencc chasses is denoked F[=2]/(F).

THEOREM FEDC_I/C{') s @ commutatie 'rc‘v?.
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REPRESENTATIVES OF EQUIVALENCE CLASSES OF FIx]l/(¥)

+ Quppose thalb deg(Fl=n.

- Let 4&FIx]. Long division of g by § yieds §=Sfi, where 5,1 i
with degit)<m. Thos 9=+ (med §), so [q]=L[+].

"Al90) f Tt 6‘:{20]) " #tz, deg('f',')<1\ , deq (12)<M, then -—S-'-/\/(-\-;.,KZ
SO v, F Ty (mod. 'S:) Thos [’r;—l #[fa]

* Hence, the polnemials in FLoc] of degree <M are o complefe s of
wepresentutives o the et}u(va[ence classes of F[_:Cj/ £).

Now, leb E=Zp . Then Zo1xl/4) = {[+]: veZplz], degI<m
= At rmoct 4 T Tee Zel , so [1ZolxY(6)(=p"

Hence, Zelx1/($) is a fmile conmutative ving of order P
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e QUEST(ON When s FL] /() a Sield ?

DEFINITION Le& SeF Ix] wibh degfé)zt_ Then § is weduable over F
i€ £ cannok be written as $=9h, g, heFLx], dey(g)zi, degCh)=L.

* EXAMPLE » X\ 05 iveducible sver R, Stnee € hes no rooks tn E
e oH1 is veduable evexr € since gt = (i) (2c-1).
cax®p is reducible over Za, sice aa = (xi)(x#).
vl s irreducble over Za , since i€ has no roots In /5.

THEOGREM F[x]/(!}) is o freld (££ & is Loyaducible over F
PROOF Analogous to the pasf- thabt Za is a ficld iff n is prime
(see slde 249).




Vad ConvstrucTion ofF Finire FleLDds e

FACTS ABOUT POLYNOMIAL RINGS FIx3 (F=field)
) FACTOR THe6REM : Let § € F[a) and ceF.
Then 2¢-c is a fector of §(x) 1§f L) =0.

) NOT Too MANY ReaTS: lek- FeFTx] wibh de3(£)=n20-
Then -‘;— has ot most M wotS in T

3) ON(QUE FACTORZATION LeE «96\'—'[;‘;] L it degc-P)':TLbG- 'W\en, op to
teanang ement of tetwms, § has a unigue factorization ower F:
§=c§® ,_e’.-.,g.:”) where ceF, -E’ceF):zoj with $i monic gnd
icceductble over ¥, and €21
LZ\ eo(g nomial {5 menic if its lemi?ng, Cocffictent 15 4, eg.,?(:x’):ﬁtf'—’i»ﬁ(ﬂ
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THEOREM Let fe€ ZPL’)CJ be an irreducible Po(anuml‘aﬂ, of d%ree NnN2(.
Then ZpLxl/ (£) is a $inite freld of order P" and chavacterstic P-
The $reld elements are the polynowials iy Zplx] of degree <M.

EXAMPLE (fincte freld of ovdler 4=2%) Hewe, p=2 and =3,
Leb $0x) = o4zt € Za 1), Then £ =1, FN =1, so § hos vio
coots in Za. Thus £ is iweducible over Za.

So, ¥=LZaloXl /(o rx4) is a finite field of oder 3%=4.
+The elements bg F are -go) - g, (C Jis omt(:&ed:)
*Example of addibion: x4+ (3H) =ax+t = 4.

* Exanple of wolesplication: o€ (a+) = =% 2x =1,




EXAMPLE (fwnite Sield of- ovdet %=23> Heve, p=2a andl n=3,
We need an 'mreduchble, Pol/nommﬂ c@ d.earee. 3 ovey Za.
Candidates : o2 x3, o3ror, xiacH, oo xhacH, XX 4, SCHCEAL

Ty $()=+x4. Sice $()=1 and F)=(, §hos ns woks in Za,
and thys no linear factovs in Zalxl. Thos, § 15 wreducible over Z.;z7
and | F = Zo0xd/(xPrat)) is a finite field of ovdor 23=38.

“The elements of f are {o)l)a:,x-l—l, x 2%, 2z, a:’is-xa«—(},
+ Example of addibion: (2wx)+ (@ rx+1)=4..
*Example of moltiplicabion * (CFad)-Ct oeq) = Apx =2

-
* Exo«wxplg o.F nversion:. X = mz—j—l) Sjnce - C’xz-'-)fﬂ — DC3+:I.=1.
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EXAMPLE (finite Lreld of ovdet 8=9~3) Here, p=a and n=3.
£@)= :c%+acz-yt s weedocible ouver La, ard s0
Fa = Za[xd/(=*+2+) 15 o finite freld of- order 23=8.

— — 2.
“The elements of Fa are. 10,1, 25¢, 264, 2 X, o, 2hH

* Note that F aml Fa are nok the same 3°¢e(d
ey. T F, = x= 2t whereas x-x =25 in R

. Howeu‘e,\—> F ad B are isOrnor‘phic (eSchylzl‘ally the same),
Formally, theee 1s a bifection §:F— Fa such tint
$lt+) = F)+6b) and Hlab)=da)$b) va,beH.
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EASTENCE AND UNIQUENESS OF FIN\TE FIELDS “

FACT Let e be prime and N2 Then J ek, poly. of degree N over Zp.
pree poly i

TueoreM There extsbs a finite ficld of o~ G iff q=p" for
Some prime P and inteqer M2 |,

FACT Any two finike fields of Ehe same order are issworphic,

*‘We will denote the finite field of evder g by G\F(?,?
“the Galots Field of ovder Ci,”.

‘9n slides 44 and 45, we saw Ewo ways of mpmsew&mr}
the $inite Lield GiF(a?).




vae PROPERT‘ES oF FINLTE.- FLELSDS —‘[‘.7-,2.,

THEOREM (Frosh's Dream) Let F pe a Jiite freld of chamctensize
and leb o, geF. Then (0(4'&)? = olP +@P Jor all M2

PRooE (w=1) By the Bmomta.l Theorem,
Crp)f= ()6 +2(P)°¢ o (8)ort

Now, gb‘i"‘ \<U<P-| (‘)) L(P;‘g(g'f’\) - (p-th) =0 (mod P) Since e

divides Hhe nowmerzbor but nok H/\edenommaéo\-, and ( .) is an mt'e%
_ ¢ ol p-¢

Thos, (6o gt = ‘el oo p®) w%qa =0.

L

P (€
Hence, (o(-!'fb)P:o( fef O ( ) )



THE MOLTIPLICATIVE GWROUP GF @)™ —LS—

DEFNITION The molbiplicative_ group of G\F(g)is @Wq)":Gthq)\{o}.

Note! 3 GF(9)=Zp, then ths is
Fermaks Litde Theovrem.

THEOREM Leb e GF()* Then o 17'=1.

PROOF (et the diskinct” elemeats of G\,FCC),)’( be dipla, ..., oG-
Constder the (nonzero) elements |, oz, . ..- ,Xx(g-1. These elemenbs ave
diskinet because if ool =ofly for some LF}, then of Elele) =oC ely),
So ok =ofy  q conbradicbion.
Hence, ‘Zo(o(l, Aoz, ..., °(O(q,-|§ = {0((,0(2,. -, g §) and. So
Cotely) (tola)- - - (Relg-1) = of  ofz---- Ag-1 .
Canceﬁ{na gives «¥V'=4. O

COROLLARY Let %eGF@). Thea ot b=




ORDERS OF FIELD ELEMENTS —49-

DEFINITION Leb de GF@G)¥, The order of o, deneted ordGl), is the
smallest positive inéeacr t such thet «¢=1.

THEOREM, Leb A€ GFD* o () =t. Then o>=1 ff &ls.

PRooE Lel s€Z. Then long division of s by & yields
S=(E++, whete o=<A<t.

New, of®= I+ = (W o™ = o™,

Hence, o°=1 € &2t < v=o0 < tls, O

COROLLARY Let oteG\F(c;)*. Then ord(oc)\@-l?.

EXAME LE Thete i's oniy one clement in G\F@) Of ovder 4. name(g =1, .
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« EXAMPLE Constder Q\F(23) = 24 [l /(934 k1),
The ovder of o=x4( is 7

* EXAMPLE  Constder GF*) = Zalx] /| (A1)

_‘E_(’:,C)r- 1‘4—9&[ hccs no toots n Za, Ehos no linear —gad:UrS
A(so) }CZC) has no imgduoib[e, vadvabic 'fQCJ:b\rS sSince Cm?:kic‘l") X 2 E9)
 Hence, § 15 ivedoucible sver %2

Find od(x) 1n GLF(2¥).
SoLoTIoN (We have sc'=::c) ::c,2'=::c,i gc3= :(',3) 9:4=3:-H) .sc;-‘—;x?:;—:x,
Thos, od(>)#1(,3,5, Stince ord(x) 15, we must have odE)=(5.
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FACT Leb xe@F@)* with odl)=E. Then the elements oot olf.. o™
are distinct. An particolar, if ord(«) =g then todal .ol (3= G\F(q)*

DEFINLTION A 3enem,ﬁ—ov of @F[?ii‘ is an element G\FC?,) of ordea—ch.

EXAMPLE o= is a genevator of GF(a4)”) uhece GV Q)2 o).
Let’s VCV‘W Ehab o (%) —(S
"[, x'=zx, x” :r, oc—DC, OC"“OC—H, x®= or.—s-ot :C—Isd—:t
oc**ac-(-:cﬂ, :cz-nu-\, xl=x¥x, x®=zPxp, = "963—!':1.-)»:::)

5
= o xtat, X P=ocray, oc=ocdy, <=

THEOREM & FQ)* has a 9eneabort.
PRooT omitked. O




V30 LInEAR

Co’DES

Linear codes

. wetght
. ﬁ'eﬁembcﬂ" cnateix
+ Dudd code

. (’a.u*ibrcheck mateiy
+ Distance

¢ PCV-Fe ct codes

* Hawwmng Godes

‘ S(dnolvome dc&dl’\flg,
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DEF(NLTION OF A LINEAR CODE

YL
A

.
°[ et F=G\F'(q,), and let Vo (F) = Fﬂ:/FXFx-—--XF_

Un(F) is an m-dwensional vector space oot F, with (\/,\CF)I-_-CP’YE

DeEFINITON A limear (n R)-code over F is a Rdimensiond subs‘mce Gﬁ\/ﬁ.@:),

RECALL. A subspace S of a vectot- space V over F is a nea~empty
subset SCV such that ()gbeS=>atbeS, and

(i) aeS, aeF =7 nae S,

Q{: S s a subs‘oacc o§ \/) thea S s itself @ vecbor space over F;
i f)qvt-icu[aw-— 0eS. A basis ofF Sis a linearly independent

Seanv\ir\j subset of S. All bases of S ave the Sawe size, cdled
Ehe dimension of &
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PROPERTIES OF LINEAR CODES

Let C be an (n,k)-cde over F:GF@)}QO& let WyVa,..., Vg be
Gn ovdered basis for C.

) NOMBER OF CODEWORIS  The codewods in C are prcisely
NV + WVt - -t Wik Ve, where Mmeef

Thog, {C{=M =gk
R

) BATE  Th teof Ci1s = ﬁ%M =o =

> e vate of s 9 3%3 3,

3=
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3) WELGHT

DEFINITION The wetgh{r w&) of a vectt- ve\h(F) is the nuvber-

of nonzeco covdinabes i v. The weight of o [inear— code C s
w0 (C) = win Tos(c) : ceC, c #of,

THeoReM Y C is o linear code, then w(C)=d(C).

PRooF We have dCC) = mmn 1d(xy) - x,4eC, %#}lf
= win {w(oc—;p : a)geC} x;éjj (sioce dCx,g?-——'oo(sc-y))
= W {ch7! ce C) c#o} (since C is lioexr, x-geC
=w(C). 0O

Notation An (nRd)-code C over F is @ linear code & length m,
dimension R, and distance d.
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L) ENCODING

» Since. there are q,K codewsords, thece are also C}R Seurge MeSAYS.
*We shall assume that the seurce (Messages are the clements of FR.
* Then, oo convenjent and natuval b“ré‘ec{:(ovx betuseen F R and C,
le. an enceding +ule, is defined by
WM=(MGMB, -, MR) 2 C = MW, Vo - -+ TRVR,
*NoTE Different ordered bases for C gield d.ifferent enced?n? sules.

57 GENERATOR MATRIX: A convenient way to describe. C.

Dernrions A genevatoy wiabrix (GM) Sec an (nk)-code C is @
Rxn maktix whase roes foam a basis - C: G=[ v

Va EE—
NoTE The encoding +ule. iS c=m@.\ :

Vie
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EXAMPLE (linear code) Consider the C%B)-—bimry code
C= <locou, oleol, oocuo> . (NOTE:! C(,C3,c3 ave L.0.over Z:z)
\ 2. 3

} 6 oft 1
‘A generabor matvix for- C is = |o L ejel |
oo \|tO 35
* The enceding vole w.ct. the GM G is c=mGl.
0000 —> 00060 looc —2 Vo0oI|
00| —osli0 (0l —> (010)
O\ o —>0Io0| \to——> (ol O
Ol §—=2o1l11] LV[—> V(oo
C~ — (@9 N ) >
N c ) c

-M=(cl=2%=¢, R=3k, d(C)=w)=2a.
507 Cis o (‘5,3,&)—binarycode.




STANDARD FORM GM,

DEFNLTION Lebt C be an (nR)-code over F, A GM 5 -Fsr Co% the
form = LIR\A:(\QX«\ iS said ko be in stadard Jet-m.
i(l C has a GM in standard fotm, then C is a Systematic code.

EXAMPLE C,=<¢OC>0!(, 001 00(, 00010 is & nen-systewrbic.
(€,3)-binary code. )
H—owe.veﬁr', C/=<\ooOII) osfo6l, o&ooto> obtained b?' SwaPFing
the 2" and 4™ coordinales of every cadeword in C, is systematic.

A GM fo- C7 is Loolo (1
@,’: 61 olo o],

OO \|Oo|

3x6
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EQUIVALENT CODES

DEFINITION Two codes C,C’ of (en:aék n are €qolalent if C’ con
be obtmined from C by choosing a permubation of onlivabe posibons
5 (3, ... ,M 5 ard then omsiS(:en&V vcarmvg'"\x, every codewod in C
accollng Eo this permutation.

FACTS (eguivalent codes)

L% Cs linear and C’is eioiun\enb to C, then C’is lneat

Q. quoivalent (inear codes have the. same length, dimension, distance.
3. Svery linear code 15 e7oNa(er\b to a sgsbcmaﬁ iC code,
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V3b :DUAL Cope anD ParTy Cueck Matrices 7

DEFINLTION Leb 2¢=(30,0C3,--y3n), Y= (§yYs,... 4] € Va(F).
TE\e i‘l\ﬂe{' ?(‘Od'-ﬂ:& O‘F DC-O.M H, iS QC-(j=DC;‘A.+x232.+"~+:rn‘J"€F
%4 are or&hogonal L x-y=o.

PROPERTIES For all 20,9, ze Va(F) and aeF:
(i) :'C.-(J::&J-Qc.
(i) x-(xd-rz) =Xy+x-zZ,
(@) (ax)y = A(xy)

(‘w) XX =0 does not 'M‘)Psl that =0,

EXAMPLE LeE = 11100e V (Z5). Then XX =06, bt x *o.
Move %cnchj, i xeVa(Z2), then ocx=0 i§§ w(x) 15 even,
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THE DUAL CODE

DEFINITION Let C be an (n,R)-code over F. The dual code of C
s Ct = 2xeVn(P): segmo vyeCl “CT=Ceperp”

TyeoReEM &€ Cis an (n,R)-ade sver F, then C* is an (on-K)-cde o F

PRooF LeE G be a GM $ot C,and let the rows sl & be v, Va,..--,Vk.
CLAM Lek xeVn(F). Then eCt L vix=\hx = =\ Z=0.
eRooF oF cLAM (=) s clear since vi,va,..., Ve €C.
(<) Su\opsSe. Ve C. Then we can wvite v=ANVAH---+ Ar\ig | wsheve
AEF. Then V-oc= (AVi+--+2rVk)-Z = A2+ + Ap(Vie D=0, 0
T‘NS) Ct+= EDCG-,VV\(F) : Glij: o} = noll Space st: G .
A nce G has rank, R, i€s noll Spxe 5 a sobspace. of VnlF) of dim n-R. [




PARITY -CHECW MATRIX

THeoREM 4F C s a linear code, Ehen (cL)t =C.

PRoov Let C be an (n,k)-code. Then Cr is an (nyn-R)-code .
Fo thermore, QCL)LiS an (n,R)-cde, and C <= (cL)+
Stace dim (C) = dim (CCH)*), ik follows et C=(C)? g

DeFinTlon 9F Cis a linear code, then a generabot watrix H
for- C+ s called a parity—cheR matrix (PCM) for- C.

NoTES (1) IH 18 an (n-R)xm mabrix.
Gi) C has many PCMs,
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CONSTRUCTING, A PcM FoR C (A &M FPor C1)

THeOREM Leb C be an (0 R)-code. with GM G=[TelA],
Then H=[-AT| The] i o @M for CL
NOoTE: A is @ Rx (n-R) mabvrix,

PROOF Smee 1anR(H)=n-R, H is a GM Lot an (n,n-R)-code C.
Alge, GHT= [TulA] _1\_,] - -A+A=0.

Ta-R
Thos, C SC*. Since dim (T)=dim(CH) = n-, we have. C=C*
Hence, His a GM o C+, O
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EXAMPLE Conside+ the (5, a)—code C over Z3 with 4

GM G=|(aocaiel. Find a e for C.

! L oo |

SoLuTloN First find @ GM for— C in stardavd fetm.

Re—ar, [1 6 | ao| Raek-Ri [1 0|1 20
>
& 7 \' 1 o ol 7 o L[|
| U
— — A
QA | |l o o
H= |1 2 |0t o],
6 & |0 o

* We have C ={0°9°°) a0dl0, (0(9, \(0s], 2200, OIAI(, OAIR, A\ A, (aam},
* dQ)=w(C)=3, and R= %5,



NOTES OW ECMs

LeE C be an (nK)—code over F with GM G.

—&5—

QAN (n-R)¥n mabiv H over F is a PcM fo C 18E

GQHT=0 and TanR(H)=m-R.
) GLis o PcM for- CL (since (CL)? =C),

3 Lek H be a PCM for-C. Then H 1s a. GM fo+- C so

C=wnull s(:nce.c{— H.

L) Leb W be a PCM for- C, and leb €V (F). Then

oceC if§ Hal=o0.




Vsc DistAance oF A Linepr Cope

C C< (C*)*=C
(0, R)—wde over F | (n nR)-code over F
G:GM for C H. GM for CL
C=vrow space of & Ct= vow s pace of H
H: pcM §s+- C 12 PcM fet- CH
C=noll space of- H C* =noll spee o Gi
axeC iff Hol=0 xe C* if% G =0
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THEOREM (diskance of a linear cade) Leb H be a PCM for an

(n,R)—code C over F. Then d(C) 25 iff every s-1 columms of H
are \.iV\ear(y independent over F.

prooe Let H=Chilhal==[hm].
(<) Suppese d(C) £s-L Let c=(Ci\ca,...,Cn) €C with c#o and

w() £5-I. Witheut loss of gener‘a[(l:y, Suppose thet Cj =20 Yor ss}sm.
Then, since HcT =0, we have

c 4+ Cahat -t Cs-ths-i 4 Cshs+--- + G hn =0,
So it 4 Cs-ths1=0. Siuce ab least one O-F C(,C‘o,..../Cs-( (S
nonzevrs, kthe s-t columns I, ha,...,hs-t of H are lineark; dependent.
N,

7
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( ':9) Suppese there s a set of S clumins of H £hat are
{inearly dependent ever F. Without loss of gcnera(ie{) let them
be h ha,...., hs-t. So) 3 ?\LG,F/ mot all o, such ¢hat

Ay +2x2ha +--- + As-( hs-t =0.
Let c= (n,A3,....,25, 0, ...,0) €Vn (F). Then ceC since
RcT = A+ Azhat -+ As-thse =0. Bub 1 swlc)<s-, so
1$d(C) s O

COROLLARY Lek H be a PCM for a linear cede C over F.
Then AACC) is the smallesb viumber of cslomns of H that are
(if\earlx/ dceendenlﬁ over t,
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oad 0ol

a Ll too
EXAMPLE Qn the exawple on slide 64, F=Ls and \—(f-l;‘ a e ‘°l.

*No Sing(e/ colomn oF H is 4. over Z3 (i.e. no zero CO‘UMV\)}
se dCC) 22

* No two colewws of H are Ld. sver 2 (i.e. scolar moltiples of-
eath pbthet) , So d(C) 23,

* There evist three colomns of H that ave L.d. over 3

H-al]-f= [ - o e

' Hence d(C) =3




EXAMPLE |ebt H be a £cM for a b‘ma:z [inear code C.

) d(@) =1 i§f H has & zero column.

2) d(C) =2 §F H has mo zero column, and tws colomns of H

age identical,

3) d(C)=3 i$f the coluwws s H av nonzero and dclstincf:)
anad some colomn DF H is the Sum o{l two other colomns.

k) ekc.
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EXAMPLE Find o (7,4,3)- binary code C.
S6LUTIION COV\S(JVUCL’Q.?CV\—gd"C.Z lz-(OO LO(T
oOflo |V Il ol |-
1L 1Lo 7 ool (o1 |_|3xz
Then o GM for C is [0 1 ¢ T |
L O | 4
v L
N ux7

C has m=%, R=4, d=3, 9=3, M =i.

NoTE C 15 a Hamming code of-orde+3 over Z;l.

_-.71__



V3d Hamming CoDes
'Hammmﬁ, cokesS aqre an mﬁnsteu}m\l,% sf sm%le—ewof COWGC(:h% codes
d.iscovered by Richard Hammwz n 350.

| 0o lo (|

¢ EXAMPLE Reca\l €hat H= |oVv o "°‘J‘50~?CM«PG"GL

OO0l |t

(7>44,3)-bmavy cede C, called the Hamm%v\ﬁ, code of sviler 3 euer Za.

DEFINITION A Hammlwq, code. of ordher + over F—-@\F@) 15 an
(0,R) ~code sver & wibh m=94 -1 andl R=m-t, arnd with PCM Hy;
g3\
an +xn matix whese colomns are nonzero, and mo twe of
whose. colowms aqre scalar multaples of each other.




EXAMPLE A PCM for & Hamwing cede of ovdet 3 over Zz 15

{ O 6
Hz=|ot o
o o |

NOTES (Y ammlng ccdeS)

|l | o
|l oI

o (|

{

I
l

al o
| o &

© 2|

v a
i a |

a ‘ ‘ 3X\3

Nn=(3
R=(o
d=3

_.:)73_-

) 4F v e Ve (F),u 20, then exacths one nonzero salar mulbiple of v wust be

colown of Hr, CJIV‘mc} n= qu"'-:l.)/ CQ,‘O colowns in total.

'a) H+ has tanR Y, Since avnw\g the colowins ol H+ are scalar molhp(e.s

of the unik veckors, Hence Hamming codles of ordler + ove- GFR)
do indeed have dimension m-+.

2) By design, Hamm’w\(} codes of- svder + over GiFQ) hawe distancc 3,
and so are Stﬂg(e—-evro(cbwec{:\'nﬁz codes.,
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DECODING SINGLE-ERROR CORRECTING CODES
sLet H be o BCM for an (m,Rd)-cede C over F with d 23

DEFINLTION Soppese c€C s seat and TEVa(F) is teceied.
The. erroxr vectov s c=1T-¢C (so *‘=C’.+e7.

examPLe Ouver Z3: 3}: C=|oclol and e=0360600, then t+=130I0|.

WEY OBSERVATIONS
DH+T=H ()T = HeT HeT = HeT (since HcT=o)
3) 4f e=0, then tleT=0. (The comverse is nel 4vve.)
3) A& wle) =I e=(0,...,0,4,0,..,0), then HeT=othi, where
> S,Qé U:k Pasm J !) DD D
hi 1s the LB colomn of H. (The converse 1S Mok brwe)




DECODING ALGORITHM FOR SINGLE-ERROR COoRRECTING CODES
(NPOT PCM H ownd a received werd "l"GVnCF').
() Compute S= H+T.
) 4 S=0, then accept + as the tonsmilted word (s e=0); STOP
3) Compare S with the celumns of H . 3 S=othi for sswme i, then

seb €=(o,..-,0,d,0,...,0), and decode to c=+-¢€), STOP
¢EN pesition

4) F?e(»rlr that more Ehan one. ewor hes occorted.

CORRECT NESS 6{: wle)=6 o+ wle)=l, the o(c(ocl'mg, a(goriH’wf) 15
quaranteed to make Ehe cowect decision.




EXAMPLE Consider the (7)4-,37~b‘|nary Hamml'\g, code. wrth FCM

! ol o\ o |
H= ot \ 0o t1(]-
000\([‘3,{7

Suppese thak =01l 6.

We. compobe S= He' = I:? ] ) which s the &® colowm og— H.

l
go) we seb e= (coosoio) and decade + to c=v-2=oOlilloo.
&€t pasitien
CHeck Vevify thet HcT=o.

_-.%_.
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Then C 1s perfecs il each 2ceA” s in

A'f\
DEFINITION Let C be an [n,M]-code of
distance d over A, with tAl-:c; and e= Lc%!J. IE

the sphere of rdivs e centered abt some ce C.

) Etiul\/alendy, C is perfect 1%

MZ (’Y\ Cc;,—l) (7/

Lt=o

' for fived 9,mM,d, a pecfeck code has mavimom possibe M.
Tn other coo{‘ds a perfeck code Nas maximom pessible

+abte R 33 -S:or .Sl;xed C}) ’ﬂ>
n



cexamPLE C=A" ;s a Ckrivial) pecfect code with distance d=L.
* exmmPLE [ekt m be oc.io\.TF\en C= 1060600, L\\- 13 (S oL
ee(feck Linary code with distance M. " n
PROOF Leb e= (n- N/a. 'ﬂ?\en

M- ST(9) (60" = 2(8)+(0) () +—+ ()]
GO L RICAR AN e) (el

=G+ =2 O

* EXERCISE frove bhat every perfeck code has edd distance.
* EXERCISE Show that TMLD =CMLD fer perfect codes .
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EXAMPLE All Hamming cedes of order + ever G\.F(?) ave pecfect.
PROOF  We have 'v\,=g;-'l , R=n-t; d=3, e=Lt

Now, MZ C}) C‘i;l)l :qla-}l;(g) C$-()° + (:V‘\) Cq;'l)']
=gk 1+ 'v\Cg-D]
::ol,”‘"’[\ + %‘:;:‘l (@“7]

=q" O



CLASSIF(CATION OF PERFECT CODES

THEoOREM (Tietdvainen, (a73) The or\('a_ chfec& cods are:

) Va(GF@) [trivia codes],

a) The binary veplicatlon codes of odd [engl:hs.

3) The Hamming codes, and all codes with the seme [n, M,d [ pammeters.

4) The C&B,l&,?)gbiﬂaﬂ/ C\:lo‘a‘} code. C23, and all codes eg,oi\rafer\k
Eo b [see Vgaf,

5) The (((,6,5)~tetnacy Golay code and all codes e;l,ui\m(en& & €.

A GM for this code is B
ol & Al
G = IglOl'&Q
2l ot
2 0|
- L a2 to |exi
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V3% Syndrone Decodine
Let C be an (n,R)-code over F=GF@) with PcM H.

DEFINITION Leb 2,9 6 Vn(F). We write X=Y (mod C) if xyeC.

FACTS 1) = (wod C) is an equivalence telation.
The seb of equivalence classes pavbitions \(n CF).
3) The ea‘,uiva(ence_ class contrining ¢ Vh(F) is
Crx= {36 Vn(F) : y=oc (med Il =Jcsx: ceCZ)
and 15 called o cosek of C.

\V/a(F) C |Cwx,|Cox, Caxg | oee-




Find all cosets of C.
SOLOTION The cosets of- C are:

—_ Sa_

Lol

EXAMPLE (cosets) Consider the (582)-binary code. C with GIM @\,:I; I \o:I'

C= C+o0000 "“[ooooo) lowtl, oli(o, uoo\? Ctioiv= Crono =Gt itool,

C+(0°°° - {(oooo, ooltl, 11LL0, 0\00(3 Croow =Grino =Croicol.

C+ olooo = {otooo) 1w\, oouo, (.oool},
C+ ooloe = {ooloo, (ooll, ololo, u(ol]
C+o000lo0 = {06010 lotol, otloeo, l(oll}.
C+ o000l = {ooool, Voo, O\, 110003.

C‘l'(o(oo = %(0\00) ooOLL, Violo, ollol}

C+(C>°l0 = {[06(0) OO\OI) llloo) olOllS‘



FACTS C(cosets)
) C+o =C.
) 4F ye C42, then C—j-'j = CHoc
3) Al( cosets of C have Lhe same sizc) name,[j (Cl:qu
%) The mowber of distinet cosets is qf’"f

DEEINTION Let H be a PCM Sor an (n,R)-code C over F.

.—8%_.

Lel- e VaCF). The syndrome of- x (ot H) s s=HxT

noTeS 1) SE Vo-r (F).
2) All codewords have syndrome o.



THEOREM Lek DC,SGVn(F). Then 9(‘.53_ (mod C) i§F Hx :Hj".
So, cosets are charackecized by Eheit- syndromes .

CrooF We have oc=yY (mod c) gL x-4eC L H(1~61)T=O
i5f HxT =ty O

DECODING Recoll bhat ce C (s sent and +&Vn(F) is teceived.
The (unRnewn) emr veckst s e= 4-~c. Since t-e=C, we have
+=e (mod C). T, +and & are in the same ceseb of C.

DECODING STRATEGY (iven +, §ind @ veclor e of smallest weight
Ehaet has the same syndvome as +: HeT= HT’T,\

CMLD ! Decede + o c=14—-ge,
TMLD: 9 & is unigue, decede + bo C=1-€; else Tgfect T
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QU ESTION %iven H and 1+, can one efficiently Lind a vector
e 0{' Smallest wecghé Sodh that HeT = H—r"'?[ﬁgn&mmc olecoclina famlolem]

FACT This problem s Nf-hard, which strongly suggests thab mo
%cnevul- purpese eLficient algorithm ewists.

e 4 any NP-hard problem

can be solued effrciently,

then all problems wn NP
can be soled ej-grclenéﬂ/)
o P=NP”,
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SYNDROME DECODING ALGORITHM (CMLD)

SETUP For each coseb of C, Select an arb(bfary vector oi"_ swmallesE

weighb in that- coseb, and aall 6 the coset |eader o that coset.

Stesre o- table of coseb
leadevs and thelr S'dmd(bmes,

n-R
coSet [eade+ Syndrome § 9

DECODING ALGORVTHM (CMLD)
Ca'tk/en +€ VaCF), compite s= HAT . Leb the a«eseonding coset
leader be €. Then decde 4+ to ¢ = t—e.

NOTE The decodint} al%on'(:\'\m (s aoamnbeed to make the coweet
dectsion if the ewor vechor iS @ coseb [eadeY: othetsoise, \E€
s %ananEeedq to make an incorrect decision.
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QELECTING COSET LEADERS

THEOREM Letk C be an (nR,d)-code over F. Leb 2c6Va(F) be
a veckor og— we(‘g,h(:- < Li;',"_l. Then oc is a caseb leader.

PROOF Suppese ¢ ts in the Some coseb &S x, with Y#x am
wa(}) < wlx) £ LY. Then xsy (mod C.'), so :c—géC and
x—kg,aﬁo. Bot Sl 1
w(:r.—g): ooC:t-l—C-g)) L w@x) +wlty) = w) -kw(g) < L;J*J:;‘_(Sd—l-
ThiS conbmnd.icks o\CC):d, so no such y exisEs.

Hence, oc 15 the onigue vecbor of smallesb welshé in iEs COSBL')
Se wmusk be a coget leadet+. [
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EXAMPLE (s%ndro\me olCcool'mgr foc the code on slide 32)
* For the C‘E,a)vbinam/ code C with GV, R = |:l o1l l:|, we have

l(l oo oclite
a PCM H=|'toet e | Nobe that d(C)=3.
looo |
*  SYNDROME TABLE DECODING
Coset leader  syndvome + Suppese 1= |10,
v
f’°°°’°—c"?‘° » Compute s= HiT= olo.
0 060—
51060 1o - The cowesponding coseb leader-is
oo\ 0D 100 - o
000\ O—— (0 €= oeclo.
0006 |l— ol * Decode to c=4-e=\lool,
jlolocO— o\ |
ool Q——— 0|
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NOTE  Syndvome decoding s nob efficient in %eneral sinee
the Sﬂndrovne table is exponenbia((g lage,
For an (0,R)-binary cwde, the syndrowe table hes size

é?,“—p( n + Cn—(cﬂ) = a"'R (an-R) bits.

# cosets cosek Sfd ndrome
leod.ev

EACCUQ\L/, ook 2a"Rn bits are nesded since the table can be
Sorbed by syadrome, and then the SHnd«fbvrcs do Mot need
bo be stoced |



Vao. Tic BinaRY GioLay Cope (a4a)

“lllll\lllll

A 0o
tott v 00010l
6

pach Yow is the

left cyclic shift of
the previovs Tow.

| O (10« 100 Ol ]1axu
. Let|G =[Tal Bliax23] G is o GM $or a (33,12) ~hinary code
called Ehe (b‘mox\/) Golay cade Caz. 4a fact, d(C23)=7 [9'00§ hbe*']

cLaM Ca23 1s a pecfect code .
PROOF We have e = [ (d-N/al=3, and

M2 (D= [ (209 (3)] -2 o
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THE EXTENDED GOLAY coDE Cak

*Can s the bmary cocAa with GM &= [Ilﬂ\ejmuau, wheve

© o |ttt
— AN tltotvilocosle
8= ' B so B= ‘ : °
i Jaxia | oyt ovitooel|axia
« PROPERTIES OF Cax
1) Cau s o (2y,18)- binary code. /pCCCJ‘

2) GG =0 [check this]. Hence CQL\ < CoL; So Caq is se‘(—'—oréhogonaf

3) Smee dim (Cox) =dim (Giy) =12, we have Cay=Cai. So, Can is self-dual.
5) 6=87 (so Bis Scamme{'n‘c) R A
5) A cM $ov Caq is H=[-8"|Tal=1[8]| Ta]. c=C

6) Smce Caq —-C'.u_,) 18 alse a0 &M 'SLM' Caz,




..q&-
1t
ottt Y
L1161 LDosIO| T

o ftottil \ AE
G_ Ta ?OOD( .5

THEOREM d(Cay)=¢.

PROOF Leb the rows of G be 41,12, ..., Ta. R K
i) Note that ®@) =12 and w(¥;) =¢ o+ a<iza. =
Hence £4w(¥e) for all i- Now, 111y =0 since GG@T=0,and 50 the
nombey of cosrdinates of 1 and ¥} thet are both 4 is even. Hence,

4[&5(4’&4’1’4’), and so every codewovd has weight divisible by 4.

Thes, d(Can) =4 o+ 3.

i) Next, wel) show thet no code wovd has weight 4 (so AA(Cat)=3).

*Each tow of G has weight = 3.
.Addinq, Fwo TowSsS o,&: & w(ﬂ-}-fa’):g 'ﬁ-m' asl_'ﬁm, [ChecR &Wsj
W (T +T)) =8 for @< i<f212. [CheR this |

N
7/
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°Addm% 3 vows of Gt Leb c=Fi+Tj + th, whete 12i<j<R=1a.
Lek c=(0y), where =4 hove lengbh 1. Svppese w(C) =4.

Since w(x)=3, we have wl(y)=l. Since H=[BlT&lis also a
GM for Cas, c wmoust be a single tow of H. This Is imposSible
since each tow of H has weighk 3 ot 12. Hence, w(c)FA4.

‘Addin% 4 tows of G ek c= itV + TRt 1, where 1ec<g<R<l €@.
LeEt ¢c= (ﬁf)‘j)/ and suppose w(@=4. Then (=) =4 and w(g) =0,
Bot tl dees nok have any such veckor in ks +Yow sgace. Thus, () #4.

-Adding 25 vows of G if c= (%9) is the sum of 5 or wmore Ows of
&, then w(x)>5, 30 w(c) #£4. O

coRoLLArRY d(Caz) ==
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thb A Decodwng ALGor\THM For Cau

RECALL m =24, R=13, d=8, e=3,
G= E:Emle:' and H:[B\Im] are both GiM s and PCMs -S"O'f Caxu.

DECODING STRATEGY (I MLD) Compote a Syndvome. S of the received

word . Find a vector e of weight <3 £hat has Syndrome S, I¥ such a
veckor € exists, then decode + to c=1-ej else tefect .

coRRECTNESS 4f the error vector has weight <3 then the decoder
Q‘wa.!és make the cowect decision. 4f the ewor vector has wergi\b =4
Lhe decede+ wil| eithey V‘e&eok T, or will decode +~ to a codewovd
diffecent from the tramsmitted one,
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DECODING ALGORITHM FoR Cak (W\TH TJUSTIF(CATION)
‘Let +=(2,4) and e=(€,e2), yhere %Y, 8,82 have length 1.
« There are 5 CcaSes (tﬂ: mu(:ually evclusive) in the euent w(€)<3:
(A wle) =0 and oule2)=0.
(8) (fwle)<3 and wle)=0.
(C) wled)=1or 2, and wle) =L
(D) wle) =0 and |=wl€2)=<3.
(E) w@)=\ and w(e)=1 o~ 2.
y Comfvbe the Sandmme S = [:Cca \63 ¥,
4f Si=o0, then accept + and STOF. [case. A__J
Q) [_Nobe: 5= E'In:\@] =[Tal 938T= e;r-r 6e§=c}r, So, if we e in case B)
then (Sw(S) s3] 4F w(S) <3, then set e=(sT,0). [case 8)
Correck oC in the pos?{ﬁons CorreSponding bo the 1’5 in S and STOP

N
7/
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3) [Reaal(: S,= €(T+ ge, . 4f we ace in case (¢), then s, is eclloa( b a
coluwn of B with one o+ Ewo bits §)ipped (degending on which bits
of e are ], Compare S, with the columns (or vows) of B, I:Casecﬂ
4F any column of B8, sey, eolown ¢, differs in evactly one CS%J p ot
koo (,So.g & and R) posittons feom Si, then decode 4-:(9(,3) as follows:

Correct x in pasibron §, or in pesibions [ k.
Corveck ¢ n poSiion L, and STOP.

&) Compute Ethe syndrome. Sa = [(B1Tal+" = [B8\Ta \eT= Be +eT=¢T
4 (Sa) €3, Ehen correct g in the positins corvesonding to the
4’s in sa and sT0P. [Case D:(

5) Analegous Eo step 3. [Case E]

6) Re&‘ec(: + (since wle) 34).



DECODING ALGORITYM FOR Ch
Suppese +=(2,Y) is +eceived.
D) Compote $,= LTI B1+T. U =0, then accept + and STof. (A)
) € w(s) <3, then set €=(57,0) and decode + to c=+-e and sToF (6)
3) Compave S ko the muws of B. 4F row i of B differs in evacthy one
position (Say j) or two pesitions (Say jand R), then:
Corveck x n posiblon |, or poSitlovs AM R 5 Correct ¢ in estion i; STef. (C)

A) Comf)ul:c So= EE)H:\Q] TT:
¥ w(sa)<3, then sek e<(0,5T) and decde + to c=1-& and sTof. (D)

5) Compave Sy bo the. rows of B. 4F row | of B differs in evacthy one
PoS.'lstov\ (,SQ(J 1,) or Etwo POSEHDV\S (Sag jand R) , then:
Corveck Y o positiion |, or positions Aand\ R 5 Gorreck x in gosition L; SToP. ()

§) Reject +.
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¢ EXAMPLE Decode + = (\006 (000 ©O0OO00 (0ol 600! Lot ).
SOLVUTION ComPobe, S = EI‘:\B—_\TT-_-CO&OO 1000 oooo)T
Since. w(s,)=2a, we set e=(s],0) and decode + ko
c=v-¢ = CU_OO 0000 0000 (pOf 00O uos). [Check: HcT-:o]

¢ EXAMPLE Demde ""—“—(sooo Q0(Q 00006 (06O IO ooco),
SOLUTON  (Compuke. S(= [ T2 18T+ = Clott 1110 to)”,
Then ©(s)>3. We see that S, di$fers in posiionS & and F
—S’(o‘m COW 4 of B. So) we =t e=(ooeo 0110 0060 ooB| 08B0 0809)

and decode + to c=1-e= (Looo ©100 0000 100} Li0] omo‘)~
EChQCR.‘ HCT:.oj
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o

| 3

O — —0—-——0 99 _
- 0 — — 0 - — = 0 o 9o
O - 0 - - 9 - . - 00
O O -~ 0 . - 9 — - _ 0
0O 0 0 _ 0 - — O -~ _ -
- 0 9 0 - Q - _ o _ -
- - 0 O 9 - 9 — - © -
—_— — — O O 0 - p - - o©
O — — — 0 0 ©9 — o — -~
- 0O — —«— — 0 9 6 _ o0 -
- - O — — = ©0 0O o . ©




NOTES (decoding algerithm for Cas)
) The decodl‘ng) o,(ﬂorilﬁm onk/ needs o skore B (its bits).

40 contrast, a syndrome Eable has size 2'%x as = 48,304 bits.
3) Decoding is efficient and Sinple =7 good. for herdware implementnbton.
5) Cau‘ was used in khc\/o&‘l&e‘*‘ seace mission Eo bmnsm(l; PhoL’oS O?

Jupiter and Satvm Ee eavth.
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V‘I-c Revasiuity oF Cay

* QUESTION T¢ Cau better tun s}melef— codes swh as the binery
reettcah‘ov\ codesS and the qu\m'm% cgdts?

"Let p=symbsl evor probability, and C=1{c,ca,.--, cml.

* Let we= prob thet the decedlna, a\aorfl:hm makes an jocxreet decision
ot 're_&ec(:s i€ Ce is sent.

. Pc 2&):. = W = ercor pmbmb H:\/ os: C.
-1-F = q—e\,qh,hky of C = preb. that + is olecoded corvectly.

(D For Can, 4-Fean= (ep (o0 (e (B e

(3) TE wo channd encodmg {s ysed, the erob thet @ 1a-bit messege Is
transmitbed with no errors is (1~ (’)




d (2"

(3) Suppese the binavy triplicatron code T is osed to encodc
1R-bit messages. Thea 1~ Cr =[(i- £)3+ 3p (“P)]

(&) Suppose that a (15, (\)- ~bnavy Hammmq, cede H is osed to encade
(- bk Messages. Then 1~ Py = ((—F)‘ + (Se(\—- )™

e (-p)* 1-fr 1- Py 1- Rean
0:\ o-agaLnad o-71 206 0-549043 | 0O-+35738%
00! 0-886385 | 0o 4496480 0-490378 ©.9994 09
O-0ol | 06-93%046 | 0.993944 | ©-a99846 | O-qa999499895
Rate 1 L2033 | Lxo33| H =05
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VSa Cvciic Coves

DEFINITION A sobspace S of Yn(P) is
cyelic i§ (Ge,0, -, An1) €S implies that
(Gn-ty Qo,Q4,...,AN-2) €T .

A cyclic code s a cyclic subspace
of VnCF).

NEXT GOAL:

An algebraic characterization of cyclic
sobspaces of Vn(F) as ideals of the
golnomial +ing R=F Lo /0-1).
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THE POLYNOMIAL RING R=F[x1/(x"-1)
‘Llek R= FLxl/(x™1) pheve F= & FCg). Than R is & emwmubtabive
"4"\3 (oot ok a Field smce ™\ is reductible ouver F).

* We have the fdlewing bijection between Vo (F) and €:
G= (a0,Q,,d3, ..., Qum1) < LX) = Aok @ XAQ2 X3 +-F+Cn 2L
* This bijection preserves vector additipn and scalat muc{:‘.p(i‘mbm :
I§ a,b€Vn(F) and A€F, then atb«7a@) 4+ bx)
and Ao <> Aalx),
* We can vse this bifection o define o natual mulfpliatibn on Vo (F) ¢

DEFINITION Let a,beVn(F). Then arb =¢c e Vin(F), whete
C <2 c(x) = qlx@) bOx) wod (™),




WHY CHOOSE =X"™~( AS THE MODOLUS TN R°
- Lek a=(ae,a,,... Bn-() EValF), and lef alx) be the associated
eo\‘.‘,nbmm\ in R. Then
LX) = Ot FADC 4---= +An-2 22" + At €
S Ra-y + QoL +A(X 4 -+ Anz X7 (mod 1)
<> (@n~, Q0,a,,...-,CGn-2).

*3s) molbaplication by x of a ?o('}wow\faﬂ in R corresponds o
a (right) cyclic SmfE of the asseciated vectorn Vi (F).

DeFINITION Let R be a finike comwutative vivg.
A non-empby sdbset T of R is an ided of R +f
(Ha,be T =2 a+bel |, and (ii) aeT,beR =7 a-bel.

EXAMPLE £0] and R ave (Erivial) ideals of R.
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THEOREM (aigebmrc chavacte rization of cyclic sobspaces of Vi (F)
Let S be a non-ewnpty subset of Vn(F), and let T be the set of
asSeciabed polynomials in R=FLxl/(o¢™). Then S is a cyelic
subspace of Vna(F) i§¢ T is an ideal of R,

PRoOOF (-_-"'?) Suppese S s a cyclic subsgace, of \n(F) . Since S is
new-emnpky and closed undet addition, se s T. New, let a@deT and

b (x) = botb,x+ -+ b X"'eR. Since S 15 o cyclic sobspace, x-atx)€eX.
Hence, octa()eT for all 0ZLsn-l. Since S is closed under scalac
mol&iplication , we have Vi oc"'a@c)“gl Soc all osign-t. Finally,

since S is closed vnder gddition, Zbi,:x"o @) = b(x)a)el.
Thus, T is an ideal of R. v

>



(=) Quppose T is an wdeal of R. Since X is aon-empby and
closed under a,d.ck'lésm) 5 S. Since T s closed undet moliplication
by coastant polynomials (ie, elements of F), S is closed onder
Scalar moliplicabion. Thus, S s a subspace of Va(F),

Fiﬂa\l«i , since [ 1S closed undet le{T'sPVtcaJGTOV\ by ¢, S is clesed
ondev +ight cyclic shifes. Thus, S is o cyclic sebspace. of- Vo®). O

Se, to study cyclic subspaces of Vn (F);, we proceed
Eo skody ideals of R = E <]/ (™).
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V5b TpeaLs oF R=F[x]1/(x"1)

DeFNiTIONS Leb R be a (§inite commokative) ving, and leb 36(?.
- Let <97 = 1g+ :+e R, Then <97 is an ideal of &,
colled the ideal genecated bg‘_g.
* An ideal T of R is principal if T =<97 for seme gel.
- R 1S a (‘JrlnCifml eleal fif\ﬁ, iF eve«'\/ deal of < is erincipad.




THEOREM R=FLxl/(x"-1) is a principal ideal +ing.

PROOF [et T be an ided of K.
‘4f T=1o%, then T =<o2,
*4¢ T #7508, then let g(x) be a nonzero polmomial of smallest
dcgrce in IT. (We nows show theb I=<3>.
Letk heI. wWe can write ‘r\C'x)%Q(x)qu)—kaI), where e Flx] and
dC}(+)<d€3C3'). Nows, h(x)) ,Q,Cx)gCI) ET im‘:\l(es that
h(x) -9 €T, So +GDeT. Bub deg(r)<deg(q), so ve must
have +() =o. Thus, hix)= ,Q(ac)%(x), so he<g?, TF\US) I£<C37,
Aod, Since 9eT, we have <g7<T. Thes, T=<97 O



NOTE Ta the previous proof, we can taRe g(x) to be monic,
{e. o ?olqnomlal whese tead»'mg, coefficient is 1. This is becavse
9 %C:r): Qo+g x4+ 9,2¢" €T where Je#o, bhen
Cg;‘%(—f.)z 99c’ + Qqpx +--+ xteI is monic.

DEFINITION Let T be an ideol of R= FLE1/(x"-1).
*ITf T=16, then ™ is the canonical geverator of T
*T¢ T#5{, then the monic pobnemial of swua(le&‘roiegnee
in T is the canonical genevator of T,

* The following theorem jusEifies Ehne qualfier Sthe” in the abwe
definition.

-{{o—
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THEOREM Let T be o nonzeto ideal of R=F[x]/(x")).

{)Tf\e(e 15 a unfcl'ue, MANC eé(y. 3@0 of sma((esl:degfce. n IJOM I=<?C'Dt')7,
2) 9(x) | (0 1 F] .

PRooF 1) Let 9, h(x) be monic polynomm(s o]C(H\C. same)smallest degree inT.
Then g@)-hx)eT, But deg(g-hkdc%%). Hence g(x)-h(x) =o;
So %Cx)=hC'x), This proves onigue ness of g.(x).

D Write x™( = {(x) g(x)+ +x), where L,¥ve FL=x] , deg (+) <oleg ).
Then +(x) = -)(Cx)%(x%rx"‘—l = —A)g0x) (mod ™).

Thosy +(x) €L =<97 ) and So we wmust have +(x)=0 since

ceg (+) < deg(¢) . Hence ¢(x) | (x™1). O




~N=

THEOREM Let h(x) be a menic divisor of ="~ in FLx].
Then %) s the canonical generatot of T=<heOV.

PROOF * T§ hix)= o™=, then T =708,
+ Suppese Enak W0 Fao™I, so T # Lok . Leb gx) be the wenic pokmomial
of swallest dearce inT. Since ) 3enerabes T 5 we can write
%(:Jc) = alx) hex) mod(x"-) Sor some a(:c)eFEac], o(eg(a’)< n.
Hence, g(x)= alx) héx)+ L(x) (x™1) Sor seme [(x) € FLx].
Stnce. hex) L(x™1), we have hex) \3(36), So deg = o(ea(g).
But Aeg(g) < ot‘.a(h), So deg(g)-:- deg(h)-
Ftoally, since g and h are both wonic, we have §(x)=h(x).
Hence, h(x) is the canontaal encyator of <heD? O



COROLLARY There is a |-l corespondence between ideals of R and
monic divisors ol ' over F, and thus also a (-t correspondence
between Cyclic subspaces of Vo (F) and monic divisors of- x-( aver T

NOTE (menic diVisors Of— - ever F)

Let ™| = e|Cac) e‘P,‘c::c)e’:.-.- Pec:x)e“ be the Complete factorization
of X%\ over F, whee P, Pa,..., P are monic educible polmomials

in FCx], and €. 21- Then the set of all monic divisors of x2 over ¥ is

5 a
i A () 'Pz(x)'g---- ﬁ,c’z?Jze : 05—9.;56'.,}.

Hence, Ehe nombet of meonic divisors eff— - ever F s
Cer+1) Cear - (Cpt1).
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EXAMPLE Find all cyclic subspaces of V3(Za),
SOLOTION The comeplete factocizatton of- -\ over Za is
22— = (o) (et i),
So, the monic divisors of x|\ over Z3 are
q.(x1=1, GoG)=ocktl, QGzl)=xdx+l, Gulx)= Cer)aFxt).
Hence, V3(Z) has 4 cyclic subspaces.

CycLIiC SUBSPACE DIMENSION
<8 x)> = G, = {605, 001,010, 01,00, (0L, uo,m3=v3 (Za). >
<‘3sz)> = S, ={ooe, 1o, o011, 1014, 2
<33C9C)>: Sa = {009, \“f. 1
<qulxry= S = loood o




V5C Dimension AND A GM oF A Grcuic Code 177

THEOREM LeE g(x) be a menic divisor 8f ™ over  where ¥=GF(g).
Suppese deg(9)=N-R. Then the cyclic subspac S of Vn(F) Jenevuted
b\( q(x) has dunension R.

PROOF Reall bhat <g(x)y= jaG) 9(x) wed (x™) : L) eF[x], dzg(o%w?.
We claim that <_3(m)>={b®c)361) : blx) e FLx] deg(b)<\a§, To see
this, let h(x) = a(@)g(x) med (x™) for seme al(x)e FLLL, dey@=<m.
Then we con wribe alX)glx) = hex) + L) (1) for some £ (x) € FLx].
Since %CDC)\CSC“—I)) we hove 9(x) | h(x), so hx)=bx)g(®) for
some b(x)eF[x], deq(b)< k. This prowes the claim.

Finally sinee there ave c‘/R pelynemials of degree <R n Flxd,
<g(x)7 has size R, Thus, S hos dimension k. O
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EXAMPLE Coostroct & (7,4)-cyclic code over F=/a.
SoLUTION We need a monic dvisor of x7- over Za of degree 3.
Now, khe COW\Pl?(:E S—ao&oﬁZaHon e@ - ever 2, is

X7 = (x4 (C <>+ () (X3+ o ST 0.
Choese g = o441,
Theny C=< ’ac3+x7‘+|> iS5 a C?,A)-cyclu‘c, code over 2.

Let’s find a GM fs+- C- We need a basis fLor C, e. 4 linearly
(ndeperdenﬁ codf_mo(ds n C. _\ffe con cheese g(x), xq(x), ng(z),xgg(x)
bo%e(:’ LO 11l O 0 of<¢—glx)

= — xg(0) NoTE: C is systewntic
“— xX'g(x)
1——9:33&)




-

EXAMPLE (conbd) Encode the message = \ool.

G— m—

SOLUTION l 6t l oobo

c=wm& = [looi]|o 1o L 60| = (bi00IL,
©Colo Vo

odo ol |

o — om—

Egomalently, cx)= mG)g(x)
= (it 23 (Lt oc3)
= (P oCrxb
<> \olo0ll.
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A GM FoR A CYCLIC COoDE

THEOREM Leb q(x) be the canonical c}cnem&vr‘ of- an (nR)-cyclic

code C over F (so g(x)is a meonic divisor of X~ over F of f degree
n-R). Then o (nen-standad) G:M for C is %C:c)

= g()
G = f‘g(%)

__CX'.hi( %CJE)_ Rx%w

ENCODING Seorce messages are the pskmomials tn FLx] of degree <R.
A )= Mo+ M+ - + Mpy xRl F [x], then the en(_odina, of m
wvE & s ¢c= Y_‘mO,m(,...,W\p-\']G\: mogﬁo+m\:r3(x)+~--+mh_")(h"36c))
so | c(x) = M) %Cvc) .| Uneste: No reduction by o™ 1 is nceded]
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SO MMARY
. Vn CF) <R = FIx] /(™)
* a=(a0a,...,00-) EVa(F)€—7alx)= Qot &+ -+ AnX" e R

* C cyclic subspuce of Vin(F) <—%T ideal of R

. dwm(C) =R < 7 The. canomical 8?lmbbr' of T VLQS d-ea‘“&“’k-
v ncoding : c=mGx < 2= g0, where Gi=| 9@
x4r)
vsd _gcn"gg(x)‘ Rotv
. Cl s cyclic € 2 The. canonical generabor 15 W (7),

shere () = (xx™1) /g&x).

5
yoe 75(%) = 46) wed 3(7()

° Sadndmme w..b. o<
Parl.—(cn‘a.r' PCM

* MISSING: Distance of a cyclic code.
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VSd |elE DUAL CO'DE oOF A C\lcuc CoDde

+ Lek C be an (n,R)-cyclic code eue'f' F with canenical genevator 90

e let 3[7() C}°+glx+-~+mm -l- % -Rt) o~ A ‘Q‘\'\ ""+ﬂn—(1“;(
— — V-
-vbo =\ =0

DEFINLTION The pariby-checR Pol\/womla[ of C 15 he)= (=" l)/?(?ﬂ‘)

e Let he)= hot hact--+ hexR+ henat ek hn-.:x:":‘
(s [ _ —
£o0 =1 =0
v lek alX) = Qo+ Q2 +-- -+ B X" = %C-n') h(x) m@o\ (X))
Nete that a()=0 . Equating coefficents ef x ‘for 0L (S0, giles:
AL=0= %°h"+glh°‘ + - ""'%Lm*gcﬂhn ( *Yita hn-;.'\' +?V|4\h(f”.
« Thes, the vedtor §=(90,31,...,9n) is orthogenal to the vecter
h=C(hn-, bn-s,...., h, ho) and all its cyclic shifts.



A €CM FOR C

ad AR

* Tt follows that a\l cyclic shifts of 9 are orehogor\al te al( cyelic
shifts of h , where W)= ho-t tha-at+--+ hy ™3 ™% oot
* Recall thne follewing @M, for C:

—%o ‘3; qh’f‘! 0:--0
&=

© 9o 9 Gret GO

.. -;--?H‘l

—

—

Rxmn

H

e DEFINE :
hh heet------ ho 0----0
o hk hRet=-erho-=0

L d
-

0-----® hr hra---=hg
Cr-RxN

* From the above observation, we have G HT=o.
Thos, C’/ € C-L, where C’ is the cede 3cneml:ed by the rews of H.
But ranR(H) =n-R (since hr=() , so dim (C’)=n-R=dim(Ct).
Hence, c’= Ct, and | 15 a (pon-Standendd) PCM for C,




Ct s cyclic (@3-

DEFINITION Lek heA=hethix+----+ hrx® be a pekmomial of degree R
(So he £0). The recifnocal “ool&/r\omiaﬁ. Of héx) is

bR = xR h('%) = he+bhet 4 -4+ hxF 4 hox R
TE ho#0, we define We&) = h;‘ th'x). LW*) s montcj

THEOREM Lek C be an (n,R)-cyelic code aver F with cononical aensmw-h
%(70 Let hix) = (K“-()/g(?a Then Ct s eyelic, with canonieal 3enem6m- NG

PROOF We have ¢6Ih@E=%"1, so 3(%:) \n("dc):(’;.)v—’l. Wulkiplying both sides

by 2¢" gives x“"“%( %) 2R h(L) = -Cx™). Hence 9 &) hels)=- @),
So ‘np,('x)\(x“—t), Thus, W) is a menic divisor of x"-]. We squw on slide 12
that the (n,n-R)-cyclic code geverated by hrex) (and thus alse by h*(r))
s Ct. O



VEe Comeuting SYNDROMES
*Let C be an (n,R)-cyclic code over F with canonical gencrator '3(70.
*We will find & “nice’ &M For C.
) Find @ GM £or C of the form [RITg]

—~(Q3—

For os L=k, long division gives %mmi':ﬂm)g(ﬂi—ﬁ@), deﬁ(‘?'k”’k) dea&g')<k .
Then, "R g () = QE.(')Og(x) eC.
Thos, a GM for C 1S 0

G =

—ta )+ "R
-0+ (‘ DC'ﬂ‘~l2-?-l

)

L] ‘ _
~Te-y +1 " !
e 3 [ j —
n~-R R

NoTE ! yank(G) = R.

RXn

I

_x'\'-Rmed 9&)
_x'\"k""\ m°d9(79

| - QC“-( med 8(7()
—y

-k

=[RITH],

(2347



8) A (standard, §orm) PcM o C is H=[Tn-n [-RT].
Note Enat HT= I:In-k]) So the cows of HT (the cbmns of )

O—

~R

are ;x,o mMod 3C‘KB) x' med. 8(70,-...--) xn.‘mod. 8(70.

THEOREM Ccomfwéin% Syndvome S) The sxno(rome_ of- +eVin(F) w.t. the
above PCM is seVngr(F), where sG)=1(x) med ¢(x).

PRoOF  Let += (o, 17, t0-)eValF) . The syndome of + is s=Hrl
Hence 5(k)= (1o ¥ med 901+ [ x* enedk gGe) 1+ -~ [ X mecl 99
= (o dnx -+ 0. ") med gx)
= (%) med gC‘K). O




EXAMPLE  Censider the (15,9)-binary cyclic code C with canonical,

—(Q5—

}C‘f\emtb‘f' ?(x): M‘JC-I-‘JCEI'DC?"!-‘.'IG COW\PU‘:C Ehe_ 580(‘,\’0{)‘]6 of} "':(‘(OO (600 (WO OOO‘)'

o4 4o px T 1‘5:02

2,
>+ 5 it | ) ey o P ot
¢ D

9Cx) X' 4ot 84 Pt
q
ot xSy x ey

o & € + o oy

xﬁdﬁ+f%xﬁxﬂ
P4 xSt a®

ot + By Pt
o 4 oA 23
SO) ——P oy g x4

Hence, S= 10011,

(DOHIOLLLOOOLOOH
OO Vv L

Litvil oo0tl
loo1Ly L

Ltoo 1o ]
Loo L\ LI

1O yoo! 1|
ooV 1LL ]

Vi ol
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¢ The. sgndvowes of a vector and i€s cyclic shifts ave closely velated.

THeOREM et TeVn(F) with sqyndvome polnomial S&)= St Sy x-St
The syndvome of +-6x) is () 2CSCx), if Seo-e-t =0
A
cyclic shiftof + Ri) 2¢s(%) =Sn-k-l 3(?‘), i§ Sn-kR-1 FoO.

Not cyclic shigts

PRoOF Since +6) has syndrome s, we hawe +Cx)=0)gxX)+SkK) for Some

Qe Flx]. Hence, act+bd= xL(X)g0x) + x56x), Since 96| x™M), xr6x) ad
X(x) mod (@) leave Lhe same remainder upen division ny g(n).

(NI Sn-k-1=0, bhen deg(S)<m-R-1, so deg(xs)<m-R. Hence, xsCx) is the
Cur\ique) t+emainder opon divfo(a'na, x4+(%) by 3(?{),

(i) ﬁg Sn-r- #0, then x(=) = xlﬁs)g(?f)r:ISGc')-Sn-R—lg(K) 4+ Sn-tle— 8{70
=[2G+ Smkaag(ﬁ) + EECS(K)—S:i—qg(?Q] . Netice that deg(S)<nk
so S(x) is the unigre temainder 807) upon dividing x+(x) by 9®). O
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3o, given the syndrome s of +, we can eaS'(l\J, cowpute bhe
Sgodome 5 of cyclic shigts of +-

* EXAMPLE (cont(huiﬂg, the example on slide as)

ngc)=x‘+nc"'+ L2t < oot 1= 1100 1000 wio ooo, S=100MY,
Sc(x)= Sﬂn&m ol oc* + (%)

loof]

o\ st OIOOll|
lo(otl\lllloo|
lo 10061 lO“H}BQ
o1 600

ke

ololep
Colelo
0oo e |

\..“G\U\-L\L»\I\J—O‘

LS N J
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VS‘Y' BursT ERroR CoRRECTION

* Cyclic codes ave good for correcting burst errorS.

DEFINLT(ON Lek ceVnCF). The cyclic burst length of e is the (enaf:ﬁ of
the shocEest crelic bleck of € that cantains all iEs nenzevo cdmpunents.

EXAMPLE The cyclic borst lengéh of c=ollolse0l0 is 7.

DEFN(TON A lvear code Clis a E-cyclic burst enwot correcking code
if all cyelic burst enors of [ena{:k <t ave in different cosets :_(1‘ C,
(e. have different Sgnolrovnes. The (owﬁcs& such b is colled the
cgc.\ic. burst evror c,or*redn'ng Ca‘PGbS(fey of C.
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EXAMPLE 3(&) =5 Pzt is the canonical generator Joc @ (15, 9)- binery ayclic
code C. In fact, C is a 3-c¢yclic burst ecror correcting. code. To checR this, we

vecify that all Cycli‘o busts of (e«r\il <3 have cl,tﬂ—‘ereng ndrtmss
'c w

bk wver Syndrome. m tabien busk Syrot Syndrome ey tabion
Z o(lo
o wese o |z o oul A
x° o OO066 32 U RRT-Y-R 57
! OlecooD 16 L+2C L\ 0000 L8
x? 0oLlB 0D Q ocC20) O\ 10060 au
x3 ooodloe L : : .
x4 oseoole 2 o40+x) ol as
~x5 o0ooo0ol l \+ Xtx s L1l ®00 56
x$é JjLLloo0 60 xC\y3c+x‘) oiL160 as
x* ottio 30 “r: _ ’
x® oot \5 > 4(Haxtx”) eolecl 9
x9 Lviotl 59 [ = 101000 L0
' L0 006 | 23 QCC\:)-gc”") 0\0’1 00 ao
I . : ]
x o1 o0 L4 U143 o166 | L
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EXAMPLE q(x) = ¥t xP+xc4+x+1 is the canonical geneabor for- a
(i5,#)-binary cyclic code C. Cis a s-cyclic borst e«ar-cmect'ma, cod€

THEOREM (bourds on £, Lhe cyclic burstenoe a;rreol:'mg, capability of C7
Let C be an (n,R,d)—code over F=GFg). Then [(d-)/3 | < £ <mn-k,

PRoOF ¢ Recall that Ehe vectors of weight = Led-2/a] \ie in differmnt cosets
of C. Tn partiavlar, all cyclic burst emors of [ength = Ld-D/a ) (e in
difforent cosets of C. Thes, t 2 L(d-0/a .

* No two ¢yclic bust enors af lengﬁ"\ =k lie 'm the same coseb of C.
T parbicolor; no two vectors in which all the nenzew components
are in the first & coodinate positions can liein the 7777/ 600
Same. cosek of C. Since there are qF such vectors and

9 "R cosets ) we must have qy“ < q,"’h, ktlence, E<N-R.
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V8a Deconing Avc. or Cycuic BuersT ERgor CorrecTing CoDeS

*Leb C be an (n,)R)-cyclic code over F with canonial 8enem{:oi' 8(70.
Lleb £ be the ¢yclic buvst emor wrreding capability of C,so t<n-R.
+ Recall bt H=[Tarl-R7) is a standard foxm €CM for C.
The sgndorome of TeVa(F) w.ct. this PCM s s(K)=+&) med 3(7‘7.

* LTDEA OF DECODING ALGORITHM Souppese the eror vedfore is a oelic
burst of length <. Then, some cyclic shift of e, say Ci<>xet),

has all (s nonzero cgmronenbs (n Ehe
;Fim(: W-R coodinate ?osdsiov\s.

Then St = He{ has  (non)-¢yclic bursE
lev\gkk <t, and oc=(S¢,0) sakisfres

c
e

<t
A

N

Z7Z

—~~
<t

HocT=%i. Thus, €i=(S¢,0) and elx) = ™" @ (x).

—

<«n-R=7
% €

[
=)~
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QOESTloN How to comeubc S:¢ Lek 4= cte, So :)c,"'v"—or.e = C€C
Thos, 2C°F and. x‘e have the some sgndrome . So, we. compute Syndromes
of Ti € X+6) for osign-l.

ERROR TRAPPANG ALGOR\THM FOR CYCLIC BURST £RROR CORRECTING CsSDBES

‘Let + be the teceived wod. CORRECTNESS
~Fo~c- L—}mw; o to -\ de: IS the emt veckr js in
. ComPo(:'C. 3.(xX), the Syndrome o€ ocC+(x). ¢act a cyelic borst ecror
Tt S.,C_z) has non—cyclrf: bovst length <k then | of len@l;h Sk, then the
Let e(x)= 2" “(5:, o). algocithm wil moke ghe.
DeCoole + to c=4-c and STOP cevveck decision.
M Re Je‘:& i
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EXAMPLE Recall thak 3@()‘—' S+ oyt is the canonicol Wﬁo‘(%r Q

(15,8) binery cyclic code with cyclic burst erat correcting, capaility £=3.
Decode T=tiio (11O (106 000 U'sing_ efrotr —l:,(aFP'mt},

SolLoTION

_gc(;\\JO\U'\,L\UJRJPO|P’

Si &)= syndrome of P

1001l ¢ S(x)=+6) med 9(x)

(ool of
lo(LIO
OflolLl

o ltl
ool

o\l

Lol ot bust of
o tool ‘ lengeh <3

Lolooo

*So, e(x)= o Sq(x)
= xé itz ?)
= 0000 00(0 (1000 0606,

e Decode + to c=t-e

—-—
—

IWio j1oo Ol06 660

* Check: 90 .



—(34—
TNTERLEAVING

PURPosE: Lncrease the cyclic burst error correctrg capability of a code
‘Let C ke an (0,R)-code with cyclic borst ecror correcﬁng, capabiliby t.
SOPPOS& C= CCu, Cia,.-m-, Cin) € C)
Cz = (cay, C":.z,.-», Can) € C'
Cs = (Cs1, Css, . ..,Csn)eC.
* Lokerleaving to a depth s Tnstead of sending C(,C2,..-,(s in that
order, tvansmit the columns of Ehe above army:

c¥= (Cu, Cay, ..., Csy, | Cia,Caz, .--,Csa,l...---,lcm,CQ.n,. ..)Csn>,

Then, any cyclic bovst eoor of length < SE in c* cesolfS in cyclic
borst erors of length <€ in each of the origmal codewords
C‘) Ca .-, Cs Cand these errors can be COrrecI:eoI),
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THEOREM, (in(:er(.ea.vilf\%) Let C be an (nR)-code ovexr F wibth cyclic burst enor-
Correc&ing, copabiliby £. Leb C¥ be the code obtained by interleaving
C Eo a depth s,

) C* is an Gas,Rs)- code. over Fwith cyclic burst enot cwceoﬁifg, capabiliby £
2) Suppose C is cyclic with canonical }er\er'a,(:'o? %C‘JC)-
Then C* s cyclic with canonical generabm* %Cx’)_

PROOF (sketch) 1) Shew that C¥ is a veckor sobspa, has length ms, size ﬁm

(so dimergion RS), and cyelic burst evor cowvecting ts .

2) Shew that §(x*) is & monic divisor of o2 of degree ns-ks, and that-
%CCCS) ‘c,*‘ (x) Lor all ceC* o

EXAMPLE (cf. slide 133) g(m‘”) = oc8%% o3+ 2% %1 s the canonical

%enerabm- of a (1500, ‘loo')"b\nar\{ cyckic, code wlth cyclic burst ermr

corvecting capability £=300.
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VVéa BCH Copes
« Recall Bhat Zp is a subfield of 6F‘((3“"7,
and. we can view @sFC(D"‘) as an m-dimensional

vectsy space ever Zp-
- Move geneally, fo- any pame power 01,)

» @FG) is a sobfield of GF(9™)

Fe Y >

Sajis ) and e can yiew évFC():M)
as an m—d\'menSfowa(

vector Space over @FC{{,’).

e EXAMPLE
«GF(3%) s o L6-dimenstonal V.S, over CfR).
« » 2  an 3-dimension  \.S. over G\F(D).
« M 5 O 4L-dimensionad v-S. over GF(a4)
T » G dimensiond v.s over GiF(28).
) y & 1-dimensiord v.S. over GiE(gIC).
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MINIMAL PO LYNOMIALS

F@™
-We eall G’\FG}"‘) on exkension Lield and G\F@) o cob Eleld, ®+¢ ) ol

DEFINLITION [e€ oceQFCq,'“). The minimal eb(ynomia.a of &
ovexr G\FCC?,)', denotecd W\d&d)’ is Ehe manic (ao(ymvmaﬂ o—?
smallest degree in GFQILy] thet has « as a resh.

NoTES 1)if wm(y) €6 F(g) Eca'_l is a nenzeve pelynomiel with ml«)=0, and
C is its leading coefficient, then ﬁ(g)sc"m(a) is @ moenic polynomial
in G»FCq,)Eg] with M) =0 and de_an‘v‘:)=-‘deg(m7,

2) Move generally, moltipling o ‘oo(\/nomf‘cc( by a. nenzevo anstant

oses net chcmge the toots of the Fo(ynom .
D We have moly) = Y.

Y
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1) 4 oiFo, then lek L be the ordler of of in GF(Y™), and reaal( that £1(g"2()
Then, & 15 @ veok of 3"—-[ e@FCq,)Eg] . Hence, there dees indead exist
a monic pely romial of smallest degree in GF(g) Lyl having of as a voet.

EXAMPLE Let's find the winimal pelynsmials over GR(3) of clements
N G\,FC&Q') = Z;LDC] /(Dcad':’c-kl) = {o) ‘)"C)x"'"j.
SOLUTION MO(*d) =y,

© milY) = g,

*Mx(y) = Yty

.« Wigst (3)—‘- 32‘4— G-
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PROPERTLES pF MINIMAL PoLYNOMIALS

THEOREM lebt «e G»FCT,"‘)‘

) The wminimal polynomial WMuly) of o« sver GIF(q) is onique.
) 'W\olclé) 8 wreducible over @\IFC@)
3 deq (W) <m.

x) Tf $eGRL], then §6) =0 <> muly)|$(y).

PROOF 1) Suppese ™ (y), w2(y) e GF(g) f'jj are two menic polynomials of the

Same Swallesk a(egree. with M, ) =2 () =p. Consider '1'63):: m‘(g)—m'z@.
Then +6O) =My ()-Ma () =o. Buk olEg('r><df3(mn), Se we myst have
'r(tj) =o. Hence, m‘Ca)-'z mg_(g), O



° PROOF OF 2) Suppese Ehat Mo(y s reducible over GIF(), Say
M (y) =5(Y) b where st e@F@G)IY] and 15deg(s), degcekdchmd).
Then M« ()= s6E)EE) =6, So either SE)=0 ot E()=0.
T eibhev- case we have a antradiction of the mminality of deglmd).
Wwe conclude thalr Md(g) is irreducible over @FCC;,')a O

» PRO®F BF 2) Recall kLhak @F@") is an m-dimenstenal vector space. over Gi3).
Se, the field elements 1) ,oC5 . ;o™ are lineaxly dependent over GiF(g).
Thos, we an wAEE Qo+q dl+Aaol 4 -+ Aok " =0 for Some, Ge,a, .,»,amé’@f:(g)
bngk are not all o. Hence, ot 1s a root of the nonzévo Pob/mmfa.o

mly) = q,+a¢‘é—|—azgzr}----+ amcd"" eGFQ) Ly] of degree =m.
Tt follows that deg(me) £ M. [
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* PRodF OF LL? Lek —f(lj) GG\FCQ,)E%] B?’ [ong division, we an wite
§ &)= £0Y Matly) +10), where LTeGFGIY] end dejf*)<at3(mot).
Now, $60 = L) Mo () +4() =+(K) (since Mu &) =0).
Hence, $G) =0 < +6)=0o
< rly)=o (smce dca(f) <deg CWM))
< Maly)|$ey). O
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VGb GComeuting MinMAL PoLynoMIALS -~
&F@") .,

*We will show thab the mobs of Mu(y) are precisely
the “conjugates” of « over GF().

* (We'\l need the fal(smmt} ~vesolt .

THEOREM [eb «cBGF(gM). Then o€ &mF(q) iff o(V=et.

PROOF Smce p¥= @ fovr all BeGF (), the clemerts o} GFE) are
a\l roots of the poknomial Y+-Ye GR(GILY). Since bhis polnomid has
degree g, i6 cat have any other @ots n GG Thos, o= if§ 4e6F6). O

DeEFINTION Let o(éG\FCq,'“) Lebt £ be the Swuallesk positive m&eam—
soch thak ot =« (note? E<m). Tl\en the se b of cm)‘oﬁabcs of o
wet. GFG) 15 CW) = 1d,00f, a9, ol#5']




NOTE The € cnjogates in CCa) ave distinct. This is bemuse hcoﬂ o{"ﬁ
whete o<i<p<b-l, Ethen o - o(‘?f"—o So (oﬁ“ "——o()q’-—o Hence
o(q'a--'ol =0, SO o(q'& =, which contVadicES the mmlMa‘.uE\/c{— .

THEOREM Leb de GF(q™).Then the mviwal poly syl of « over G\qu,)
s wly) = ”T ch B) = (§-0(4-a%) (Yo9?)--(y-o#).

PROO\:‘ x) Clear[}) mCtd') is monic oand M) =0 .
n) Lek —SLGG\F(‘),)B}] £ #0, with ,}&) 0. Leb’s pove tuk oisg(9)>(:

Lek §y) = Z*ﬁ Then £6&%) = Z%’-ﬂ" Z&d‘)#@

=0
Do, o,a¥, @j. ..)d‘ft‘ ovre roots o,c £. Hence deg(-S)>t.

N
7
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PROOF Ccont’d) : :
i) Let wly)= 1Y (q-p) = cqt. Then m) e GFEMNTY].
= 118 = > lmey P e GrETY
We need. to prove thek Wiy eGF@Q) Y],

Now, w(y)¥= (4-) ¥ = Y_p¥) - (y¥-
S @gag% P @Eg ¥ e@;cﬂg '6)

Also, ()% =< )b = ST e
7= (Zmey) ;mcg ,
Com\oarinﬁ coeficients ol %C‘{, of ) and (¥ 3ie|o\s 'mf' =M
Por 0<(SE. Thus, Mic GFCY), and so mly)e&GF(@ITy].
iv) We conclude Enat ng) \S a wonic fao[ynom all of swallest deaarec
n 6F() Tyl tat has e as a root. []



EXAMPLE Considet+ G\WW(a%) = Za[x]/Cxb4x+1). Find the
minimal PO(gnomfaQ of €=x3+.x2 over Za. (Heve, q,=a,m=zD,
SOLOTION When dbing wmeul.‘a.{:tins by hand, E's osefol to
have @ gererabor o of GF@Y), and a toble of- powers of .
Tk torns oot thet &=x is @ generator of GF(a*)*
Now, 8 =c. Heace CCP)={uté ot af 3§ (s0 t=4).
Thos, "mp(j')= C%‘-o(‘)(j-o(‘a)(%—o(ncﬁd—ola)
2Ly Gy [y2 cMaygretd]
=L *37'+ o & j-!-ols_:( [«j*i-ocg +ol 1]
= '3“ +(2+a)y> + (o '1+o<5+a3)32'+ (o' ot ) 2
=y + g3+«-€1"+tl+1,

—IAS"'

o=\
o' =
d2..:;0(2.
o=ot’
ol& = o4
LB= P
ol ool
o(?:o(a-i-el-l'!
oL 3 = A4
e = ol Ao
o(*® =0l Fet+1
R Y
ol = ool ok
of @ = ot telt
of Bz o34
olt‘S =
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VEC FAcTorinG ™1 ovER GF(9) Leack4]
GOAL Describe the §actorization of -\ sver &F(g)- From this, we
will see how canenical generators g&(] can by chesen so that we have @
nan-frivial lowes bound o the distmce of the oyclic cede generated by gx).

PRELIMINARLIES Let p be the chavacteristic of- GF(g) . Af 3Cal('n,<],)¢l 5
then write m= ,;,-\Pﬂ, where L2 and 364071,1,)-‘—[.
Then 2¢'=t = ~xaet | = (»xfn'__‘)fl. So, WLOG, we shall assume gedfn,q)=I.

NOTATION LeEmw be the swallest positive (nteger such that 9,2 (mod ),
e, M l(q,m-l). LFACT: Such an ™ extsts|

Let o be a generntot of- GlFCCf,"‘)*.

Let p= ™D/, ond nobe that ge GF(gM).
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' Also, od(B)=m, and so 1, . 8% -, 8" e distinct.
Focthermoee, (p)" = (B =1 =4 for each 6SiSW-L.
Hewnce, i,ﬁ,pf-.., ﬁ"‘( ace roots of x™-I. Se, the complete Jackxrization
of ™~ over Q") is o™= (- (x-g)(=-¢*) - - (z-g""),

* However, we seeR the factorization of x™i over V().

* Consider ?L, where 0SL<N-I-
Since @l is a ok of ™1, we have W) | (™)
Az, the voots of MeiG) ae C@)=1p, g%, 6%, ., 89 1
where £ is the swalest positive integer such that

Lc[f =i (mod M),
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CYCLOTOMIC COSETS

* The discussion on the previeus slides motivates the ffs(lwing degmition.

DEFINLTION Suppese thak” gcd(n,q)=1, ard let o=isw-(. The
cyclobomic coseb of 94 wmed M cont a:’m}ng, L s

Ci =1i, L9, mod , L‘I,?-modﬂ, reee) ch-“ moal'ng)
wheve £ is the smallest eoSiEch inf:egcv such that 6@"56 (ved 1),
Also, C=1Ci105tsv1] is the set of cyclotomic cosets of g med M.

* EXAMPLE The Cyclobomic cosets of a mod \5 (423, m=15) are:
Co=10t, Ci=11,2,4,8% =C=C4=Cs,
Cy=13,6,12,a§2C¢=Cia=Cq, Cs=15,10§=Cls,
Cz=17,14,13,113=Cu=Ci5=Gi.  Hence C=1Co,G,Ca,Cs5, o],
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* As the exampl Svuggests, |1 J:e Ce, then C} =Ci.

¢ NOTE: Mpi (x)= (x-pt) (e ) (o0~ p4) -+ (oc- %) /T (- @3)
AGCL
's a monic itreducible factor of ™1 over GLF@ of degree LCl.

*This proves the following theorem.

THEOREM Suppose thak gcd(n,g,)z(,

) The nomber of montc ireducible §actors of ™1 ever GifQ) is gl

to Ehe number of (distinct) cyclotomic cosebs of 9, mod M.

2) The nomber of wonic irreducible factors of de ree d s ea}uccH:o
the nomber of (distinct) cyclofomic cosets og 9, wod M of sized.
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Véd Frctoring %™ OVER G\,FCq,) L€ark a]

THEOREM 3Suppose gcd(mg)=1. Lek ™ be the smallest positive
inkeget such that q,m—s\ (med 1), and let Be&F(q™) be an
element of ovder m. Then Ehe monic ireducible factors of
x"-1 ovet GiF(3) ave {mpi (x): o< i1, cshere

Mei (9 =T (xc-pd).

veCs

voTe: 4¢ {eCi, then mg&(:thmai(at).
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EXAMPLE Factor oc'™-| over Za. (Here 973, n=15)
SoLuTION * The cyclobsmic cosebs of @ mod (5 ave Co=§o§,C.={1,a,4)8§)
C3=13,6, ca)ﬂ) Cs={5,0%, qu.—-{q)u.);a,u}. So, o'Z( phas 5 ineducible
fackors over Za, one of degree 4, one of degree 2, and three of degree 4.,
¢ The smallest m Sor wohich 2™zt (med. 19) is ™M=,
- We need an element @e@F(al() of ocdet I5. K See slde (45
Let’s toke p=, Since o is a generator §ov GF(a%)= Za5 (oot
* We then compute : pge(x)= oc+| Co=%0%
wme (x)= o x+) C'=§U9;L;,83
See slide 45 A pwmpd ()5 xchy oyt xt Ca={3,6,\2,9§
Mg (x) = ottt C5=15, 108
m(a?(x) = oo+ Cz={7,14,3,11

(=
e Thus, o' 1= (o) Cocract) (oc® 4ot 1) (ach 403 1) (e 234 o 2c41).
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EXAMPLE Determine the numbet of grelic subspaces of qu(Z;),
SoLoTION * First, we obsevve that x3°-1 = (')
+To debermine the factorization pattern of o~ over Z3, we find the
Cyclo{:omfc cosets of 9=3 modulo =10 :
Co=108, C,=11,3,9,7), Ca={2,6,8,43, Cs=$51.
*Thus x?-) = [-S-y&--f;-f;]q) where §o, %, s GZBL”:] are wmonjc.
ivved. pokmomials over- 73 , and deg(fo)=\, deg($)=4., deg(£2)=4., deg(5s)=1.
‘ Hence, the number of wonic fackors of oc¥-1 over Z3 is oxioxiovro =(o000.
This S also the qumbet of eyclic svbspaces of- Voo (Z),

NOTE §¢()= Mgik), where @ is an element of odtet- (0 n GE(3H).
dn fact, x'°-1= (xt+0)(wta) (o + 2241 ot 4ax®e ot ax+).
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V6e 8CuH Copes: DEFINLTION
» Discovered in 960 by RC.Bose and D Ray—Chaudhuri, and
indegendently n 1259 by A.Hocquenghem.

* A BCH code. is a cyclic cede theb is anstrcked s that a
nen-trivial lower beund is Rnown on iEs distance .

SETUP Soppese gcd(n,q)=14.

'Leb m be the swallest posibive inbeger such thak Ci,ms( (med ),

‘Lebec be a genemtor of GF(QMY, and e 8=t T~V (50 od (B)=).

- Lek 'Y‘(\gi (=) denote Ehe winimal eok/nvmm,( of ?" Aver- C«—“;F(g,)/
for 02isn-I. Recall thet i) | (x™1). Lo

‘We wil lek Wgiex) = W\pimo&v\ x) Sov iym (since €,L:_ P,.m n)‘
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DEFINLTION A BCH code C over GF() of lengkh 0 and deStgvPa( distrce &
s o cyclic code of length n over GF(g) with canonical qenerator
%@c\_—_ Lcon { 'm@; ) : a<ic<a+ S—azs, _Sior Some iwbsgcr— Q.

NOTES ) fem $3,3,57,7,7,1,115 = 3x5x7x(\.

2) Since each ‘m?,i(?c) IS a monic ineducible factor of ™ ) e fellows
Ehalt 3(7(7 is o menic divisor of- 2™-1. Hence 3(70 is indeed the
canonical genevator for a oyelic code of lengéh m over &F(g),

) AMon% the roots of gx) are the §- conseco‘:)\fﬁ pewers of B!
@ , + a-ta a&s-a

2 BCH bownd * AL > S CPmog " VeS|
5) A€ a=(, the BCH code (S varmw-Sense,
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EXAMPLE (BCH cede) Leb §=3, n=13. Then M =3 since 2332\ (ved 19).
+ Consider G\F(32) = A Dj/(o( 3 fasts1).
“ Then o« 1s S genecator of- GF(3%)* (see next slide).
« Also, g= ol? has ovder \3.

Compul:e Ehe. cyclstomic cosebs of- g=3 med m=(3:

Co =40} mpt’fw) ot 2.
C‘-ft,s,qﬁ Mg @) = ka0 rax+a.
Ca= 12,6, 5}— N2 (x)= x3rax+a.
Cy= EZ\-, 2, lO} m§‘\ (x) = pcg,g-xz,‘_x-fa.
Gz = {?) 2, ”}_ Yog? () = 2P+ by,

\4



EXAMPLE (cont'd)
* 2 0x) = (oc-p2) (-6 (- ¢°)
= (2=t #) (- o) (2—t'®)
= [(o®- (a4t ?) x +t16] [l
=[a® £ oo + o' [oc+0t??]
= 234 (o O o2 ) (g o) bl
= o+ ax+a.
* Lekt 30(): MNe°(x)- M(a'(x)v \m@"('?()
= x? t+ xbrax’s xhraxsad.
+The voots of g0 ace 8°,8'8% % 8% 85, F.
Among these vooksS ave p") B, PQ)@?‘) Y
5=5 = d 25.

Sample
ninmal
‘,nom Ml

@lculabton

°(c::___( dezg
o' =g ot*4 =29

oA 2at 2 o« F=a42

L3 = 94u> L8z el
L4z gtao+ad® A= |ratad”
A5 = 24ax oL®= 1+
L= Qo+ o= wtdl*
AT = L 4ol? A2° = +ad?
L8z Qoo g =i Radead

o= atad+aud? L= Vet ot
K97 (Fadtx* B=g+arad

A= 2+l 242 \+3ul
o2z a3 zotranl?
ol 26 =\

* Thos, g(x) is the canonical genevator for G (12, 6)-BCH code over GFR)

of drstance ak least 5.




VG& BCH Boound e

EXAMPLE Does there exist a block code with pavameters 9=2,

n=12z, M=2%, d>a1? [slide a5) Viaz (Za)

The c»weseo\no\m} stcre Qqcking m‘blcm
(S: Can we place M-‘—a‘“sphcms of

radiusS e'-'-(..g-'?.l:lo in Vua?(Za) so that

no two sehcres ouevla‘a?

SoLuTIiON NYES! we will describe @ BCH code with paametets
4= n=12%, R=64, §=2a),

We have m=7 gince a?s\ (wmed \9?).
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EXAMPLE (coobd) The cyclotomic cosets of 2 wed @7 are:

Co= 103 * Leb p be an element of order 137 in GFGT)
Co=10,2,4,8,16,33, 644§ « Then gG0)= Mp (- M) W gs (- g? )
C5=13,6,13,24,43,36, 5‘5} ’Wﬁ*(‘r%“\@,“(x)'“\@"(’ﬂ’m§'5(x7'W\p‘q 6x)

Cs =15, 10, a0, 40,30, 33, 663 s adearee—éa menic di\riSO‘(ag— o aer GFG).
Cz=1%, ‘41“)55“930‘7)‘?3 * The roots of 360 inclode ?‘\') |<C<ae.
cquqJ!8, 26,73, |7, 34, 63} OThUS, 8(9(;) iS the canonca %enemtcrr ‘S’c‘h Q
Cn=11,23,44,88, 49,98, 4“% (137, 64)-binavy BCH code wibh designed
Cia= 213, 36,59, 104, 81,25,76] | distance S=a\ (sodistance = al).

Cis= 115,360,690, a0, 113, 99, 7§
Cia={19,38,76 a5,50,100,733

es @




VANDER MONDE MATRICES
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DEFNLTION A Vandermende matrix over a field Fis a wabnx of
, o here 7‘«,‘2<:!,---;7((;6F

ceead
Hr\c-g'—cn-m ACX,():’Cz,.-o)ZCe): ‘ N

Icz X2 -+ Xg
Ty Xy
: 1

PR B
x|e LQ.\ xe

—_—

_JExt

THEOREM dek (ACx,xa,-.. xe))-#o i§¢ o3,

Xy ave distinct.

PROOF Per{:orm Ehe -}o\lowln% row opemé.')‘c}vls
ek*‘@k X, R~ N (

: bo geb A= | O X
Rgé— Ra- 2, R2

Qae“ Rz“x\Q| :

Now compute det(AD by —

on A

‘ o s e
x?,‘xg - e 0

o ‘JC:_'-I‘I: x’;-—z,zs

-2 (-,-\

ex panding Q(on% the firsk wlumn '

~N
7

|
X -3y

x;‘x,x‘.‘ R

(]

O CIZ,, "xlzﬂ. 13 "1113 . " ‘xb "-I\:IE

o
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PRoOE (contd) [\ U oeees [

X2 2x3.... A,
dek (A) =deb(A)= (a-2)(x-2) - (xp-x) det | 22 x3.... 2

£2 b2 +-2
I;. 363 o6 so b

B (e-) >.<_C6"7

By ('nduc,&n‘on) detCA) = W CIA‘XL)

(ééq’ét

Thos, detCA) #o i§§ =x(,2ca,..., X ave distinck. ]

CoROLLARY The Vandermende watrix ACD&,DCa,w,QCe) IS
nen-singolar j§£ ¢, xa, ..., Xe are distmet.
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THEOREM (BCH bound)
Lek C be an (nR)-BCH code over GiF(g) with designed d.istamce 5.
Then A (C) Z §.

PROOF -Let 8(3\2) be the canonical genemtor Jor C. For simplicity,
we'll assume Eheb C is narew-sense (so a=1). Hence,
g(:c')= fcwm {M@f-(ac): lsi < S-Iz)
where BE&F(4™) has ovder M.

* Now, let eV (61F()).
Then [Te Cl<y 96 l+() <= mpie) () S|+ =0 v 15iss).

VAR

N
s/




P 8 e ... —(£2—-
PRoOF CCOT‘L"OD o lek H= |y PZ ((3’-) --- @z)n-l
L

? ((?3)2 - (B

: S- ) Sl
€ C@ yoe (e _1(8&Dxm
«Now, +eC > +(p)=0 V1251 < HtT=0.

* Furthermore, no £=5- columns of H ace lineerly dependent over-G6FG") sine

P"‘ eblo e e ‘vb ( ( L ( —

dek [@" (p)7 - () | =phpipidet |pY R gl

&

(PS") Le (ﬁs-l) G e (ps—\) Le (6 L() §-a (Pf,,_)s-?" (@%)S:
e .
( (‘\r ) et (A( Pu 9('% ) L&)) :#O) Since Pu P @tbare distinct.
- \/omderv(\ende. matrix

N
4
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PROOF (conb’d)

- Since G\,F(ti,')c@FCﬁ,m) we als0 have that no -t colomns of
H\ ave l\nea\"ly d,e,ecnd,en(:' over GM

+ Now, i§- ceC, c#o,w()< 8, then HiCT=0 gives 0 asa
non- trivial lmear cowxbmalg;on ovet G\F(cﬂ of St (or fewer) coloms of
conbvadicEing what we fust proved.

- Hence, every nonzero codeword in C has weight 23.

+Thos, dCC) 2 8. O
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V63 Exampes oF BCH Cozes

EXAMPLE #|  +Let 9=3, n=3"-1 where +22. Then catd(n,o‘,)f-( ancdk =1,
slet P be a %enera,l',o\" of GFGEV)*.
«The cye lbtomic coseks of a wmed n are C°={o7x,Ct--{(,a,zb...,;z"“‘ﬁ,..-..
‘Leb 9ux)= W () =(x- @) (x-¢*)(x-B4)--- (x-—@lﬂ).
“Then %C‘X) is Ehe canonical %enemlfo* Sov a (Q=(, A" -+)-binavy
BCH code C with designed distance 3=3. Se, d(C) 23.

* A PCM Lo+ C must sk like H:U ‘ ‘ ‘ ot ‘J‘
+x (™)

t_/"\/_§J
ol nonzero veckors i Vi-(Za)

So,C 1s a cyclic binary Hatmming: code (and d(C)-‘—"B).
* Hence, all binary Hamming cedes are cyclic, up fo cquivalence.
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EXAMPLE #3 *Lek g== and m=2a3. Then m=1 [2"'=5( (med 23]
- The cyclobomic cosets of 2 med 23 ace:
C°={03, C;‘-—‘-{(, 2, 4,2,16,9, \g, 13, 3,6; (.Q?\, C52{5‘\0,90,\?) l\,QQ,Q\,\q)l‘S’ﬂ)(LJ_,
dn fack x231 = (xn) (a4 Teacteoés oracr ) (e o % oy o Fp  beoyn),

*Let g be an clement of oer 23 1 GF(3")¥. Let gi)= Mg
Then q(x) is the canovical generator for a (33,12) -binay BCH cde C
of olest'gneo\ distance §=5, Hence d(C)=5.
Focthermove, 3@)e€ C, seo d(C)S 7,

* FACT C 1S ea‘/u‘lvalen(: £o Ehe b,m(y @Lolatd, Code Cz?»
Seo, Czz is e@uﬁ\ralewt to a cyclic code.
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EXAMPLE #72 +Let 973, n=2"“1=65535. Then 9cd(m,9,)=\ and m=(s,
et GiF(a¥) = Zalad / (ot 4ot ot® +a™41).

* FACT: o s a generatot of- Gr(ae)*. Let p=ql.

» The cyclotomic coseks of gamed 65535 are: Co’-’(iog,
C=%1,2,4,8,16,...5, C3=13,6,13,a4,...5 , Cs=15,030,... 7, C?’*‘%?,llr)---i,
C‘t=§qu?).-- § 5 Cu=§l(,a’&,...§, C(3=1¢.(3,...§} C15'="{‘5)---23/
Cz=1%...7, Ca=16,..5, Ca=ia),...}, Gz=%a3..5, ...,

* FACT Ci,C3,GCs,..., Cas are distinck and have size 16 .

- Let g(x) = ﬂ' M et @). Then deg (4)=13x ¢ =193.
‘:é{’>3453--79~33
. %(’x) (s the canonical gcnevator for a (65535, £5343)-binary
BCH code C with §=85  so d(c)23s.

N
V4
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EXAMPLE #3 (contd)

THEOREM (S\novl:en'm% acede) Let C be a svas(:e«naeic (n,R,d)-code over G‘F@;
ond, let E<R. Let C’ be the code obbained by “sharéening” C m its Sicst

E coordinate pesibions; je. taking all codewods in C that have o in
the first & coodlinate pesibions ,and then deleking those coodinabes.
Then C’ is an (n-t, R-t,d/)-cede over GF() withd'zd,

p— P

PRoOF Let G =" be a standavd-Sorm G\M e C.
‘l A
- | 4 Rxn

Let & be the matnix optamed oy delebing. the List & ows oF &,
ond then de(e(:ing the §icst £ colomns. Then G/is a (‘Q»k)x(n%:)
GM for C’/ withd'zd. O

N
4
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EXAMPLE #3 (cont'd)
- C: (65535, ¢5343)-binevy BCH cede with d235.

»C is sgsbema,{:rc_ since C has a GM, GL:—I 9Cx) I
g e
=) | .
¢ Consider the shortened cede C’ ...
obtained b\{ shorben(ng, C byE=33135, - \_Q.Cz)_l—‘

» Then C’ is a (33460, 323208)-binars code
with cistance d’>3a5.

e C’is osed (toﬁebhev with an LDEC cede) in the DVB-52 standed
5):0'*' o\f%ikm\ video bf‘oadcaskina,—-Sal:d\i(:e,
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EXAMPLE ¥4 (QR codes)
|) «Lek 9= and n=(5, so gad(n,§)=l and m=L.
Leb GF(a4) = Za[old [(t4rosr) and p=ct- Then ord(p)=is.
*Leb g6A)= Mplx)- M@sex). mpst) = 2% oy ooy, [:;ff(e 151
*Then (%) (s the canonical generabor for a (i5,5)-binary BCH cede C
with §=2 (since B, 8% @3 g4 B%,p° ae mots of-9GA). % Lact, dCO)=7.
* Cis used in QR codes Eo encede Ehe “formab data! TThere are BQ-S:O‘mES:I

D - 9= x'r 2t 2F+ 28425 241 15 the carmnical genembor for o

(23,12,7) - BCY code Bas thet is eclluivalenk Lo C23,
* Lek Ea3 be the seb of even-wetght codewos in Ba3. Then E23 is
o (33,13, 8)-bmary cyclic cede with canenical generator %GO' (x+).
“lek S23 be the (i8,6,%)-bwary code obtained by shw‘:ﬁ\inigza by £=5.
+ S22 s used ko encede the “version data’. LThece afe 34 vevsions]

~

/7
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EXAMPLE #4 (cont’d)
3) A (a55,331,25)-RS wde over GF(A?%) (s used for the payload,
moce. precisely @ shockened (36, 18,25)-cede over GLF(a®) (t=ad),
and a Shortened (37, 13,25)-code over GF(a8) (E=alg), [see slide 175]

DECODING BCH CODES

Several efficient a(aori&hms have been designed -fordeceding BCH codes,
We den't have the time fo Study them. Tnstead, we’'ll study a
deceding algorl’t‘hm for a familx/ of BCH cedes called
Reed-Solomen (RS) codes .
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V? @ (Reed- Solomon Codes
o [ wented b\/ vainﬂ, Reed and Gustove Dolamon in 1960
DEFINLTION A Reed-Sslomen (RS) code
15 @ BCH code of length m over @\F(q)

whete N (q-1).
* NOTE Since CV'-EICW\Odﬂ), we have m=1.
s EXAMPLE Lokt 9, % and consider
GF(a?) = Za o1/ (o4 +oi41). Recall that
« 15 o genecator of GF(a4)¥, Lebpas’
Then o(d(ﬁ) =5, so 9516 n=5, m=l.
Let 9(0)= ,(cm{ g (x), meix), (Y\@’(x)g
= (x- @)(o¢-p*) (- %)

= o3 oMot 4 o 20c 4+ o>

S
7
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EXAMPLE (Contd)
» Then %Cﬂ is the canonical qenera.tor for a (5,3)-RS code C over GF(3*)
with S=4. Since ng(7<7)=Z\—, we have d(C)=4.

—

B LM 1 o],
2
o & o= & | |axs

* Consider the cede C’ obtained foon C by ree(acinca, each symbol
wodewords in C by its binavy rep resentobion.
2. (ot3, oo | 0) €7 (000! 0010 01VI 1000 0000).

*AGM fo+ C'is G =

P

* Tt s not difficole to see that C’ is clsed uvnder addibon and
scalar multrplication over Za. So, C’is a (0,8)-binary code.
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MORE GENERALLY....
+ Suppese nl(g-1), and let pe GIF(g) bean element of ovder M.
Thea M gt(x) = X-g* focall i.
*ARS code C of lengbh m over GF(q) with designed distance § is a
BCH code of length v over GxFC?',) with canonical genecator
g(z)= (c-g*)(oc-g2*1) (- g2*3) -+ (2= pX52) far some Q.
- Stoce deg(9)= §-1, we have w(g) < §, and so d(C) <8S.
By the BCH bound, dCC) > §. Hence, |[d(C)=S§.

* Stnce dim(C)=R= n-deg(g) =n-S+1, we have R=n-d+(, so|d=0-R¥|.
Now ,d £ 0-R+1 for any (n,R,d)-code. Thus, KS codes are opbimal in ¢he
sense Ehat, Sor aay §ixed N,R,q, with T\\C‘V'), they achieve maximom
distance o.meng all (0, R)—cades over GxFCg,).
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RS CoDES HAVE GosD (CvcLIC) BURST ERROR CoRRECTING CAPABILITY
e Lek C bea RS code of (ength m ever GF(a™) and designed distance §.
* Constder ¢ = (Gi,Ca,--,Ca)e C,and note that Ci€ G1F(a™).
Let e= Lld-D/al = [(n-k)/al.
" By writng each Ci as a binory vector of lengbh ¥, we can vicw

C s a binary vector of length mt.
< n+ >
c= C’ C)_ C3 CL‘ cse60 € Cn
&t—

* Now, if cis transmitted and a cyclic burst of length < \+(e-Nt bits
1s introduced, then at moest e GiF(@™) symbels of c are received
incorvectly . Thos, the veceived word can be deceded corvectly .
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THEOREM Let C be an (0,R)-RS code over GF(a*). Then C) bhe code

obtained by veplacing each symbol in codewords in C by iks 1~bit binary
tepresentation, is an (Wt RT)- bmary cede with cyclic burst eror
coreecking, capabiliby £= 1+ ((%F -0 v.

EXAMPLE Constder GiF(a®) = Za [«1/(o? +d“ tol’ta"+1), 50 9,=256.
Then =« has order m=255, Lek %(X) ﬂ(;_- ) Then %C-x) is

L=l
the comonical %enemtor for a (255 231,25)-RS code C over GF(a®)
with erx cocvecting capab;lity @=/3. The velated code C’is @
(2040, + 84 %)~ binary code with cyclic burst error cswec&mq, cagability E=83.
The code C, and othecs derived from iE, have been w\de(\/ de ployed
in emctice) mclud,ing, in CDs, DVDs, Blo- -ays, and AR codes.




V7b ALteriatve View of Nagrow-Sense RS CoDES

‘Let F=GiF(9), let o« be a generator of- @\FCO},)*) and let a< 8<9,.
Let 9(0= (oc=ot) (2-ot2) (oc-a23) -+ - (¢ ~ot 87Y).

Then g(x) is the canonical genecator for a BCH-code C over &F() of
length w=9-l, dimension R=n-§*r1, and distance d=8=n-R+.

C is a narron-sense R code,

DEFINITION Let £eFLx]. Then <(§)=(§0), £, §G@2),..., ¥(oc‘t“"‘)) ¢ Vi (F).

DEFINITION Lek D= 2¢c($) : feFral, deg(§)< k=13 S Vo (F).
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THEOREM (alternative view 6f RS codes) C=D

PROOF 1) D is avecbor space over . [execcise

2) cLaiM dim (D) = R.
PROOF OF cLAM [eb %,%eF'['XJ) dej(%)éh—‘, de%(g,)é%l.
Soppose c('»?)=c.(c3). Then §(«¢) = %(di) for 0%049-3, so
(§-9) (ott) =6 for osi<qra- Thes, §-9 is & polmomal of
degcee < R with >4t toots. Buk R<Q, (veall: Rad= "1')~
So, we most have f"g =0 , 56 §=9.
Tk follows thot | DI=gRk 30 di(D)=R. O
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PROOF (contd) R
3) Let’s prove that DESC. Lebc(8)eD, vhere $(x)= Z?ax"

Theq c(8)= (50D, 60, .-, $@¥?)) <> Cs () = Z-S'—Col‘):?c

Now, §or ecucht, l<(—, S-1, we ho.ue

Ce (af) = Z\( .Z;S'& d) Zﬂ ( .*‘ (j+¢) u) = is}s (iifj—%) )

i=°

Note thak O(J'Hr?ﬁl, since \iéi-bé R-1+$-1 =m-f, so Cs (a¥)=e.
Thos g(¥) | Cs(x), se <) eC. Hence DESC.
) Since dim () =dim(D) =R, we hawe C=D. O

R-t

. Enco&‘m% m=(mom,, ..., mp-DeF® 1 let §x) :ij 3. Then [m 2 c=c ().

=0
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V?c BerLEKAMP- WELCH T ECODING ALGoRIT HM
REcALL C= 1c(f) = (5(), £, .., $Ca""): §eFIx], deg(s) sh-1§.
Nn=4-1, d=n-k+, e=LM-RVal,
*Suppese c=C(§) is transmitbed aod + is veceived- Svppose bhak
d(v,c)=t<¢e. The objective is to determine C from +.

D o (.x_o(l.) A S
EFINITION [ek E(x) = [01“— } Let Q(x) :ECQQS}C;(),
ci#te NoTE : deq( &)< e+k-1.

oy
NOTE: E is wmenic and de%('é')'-'-e,

THEOREM For all o0sisn-i Efo(‘) =é(°‘.").
PROOF I C:#4, then E@) =6, so & EG@) =o=FEH).
I¢ ci=t, phen Ti=§(at), so T EGEY = $@ E(ed) = Q). O
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THEOREM et ECxX), QCx) € FLx] with:

(N E wentc, deg(E)=¢,

(ii) deg(®) se+k-, and

ti) Y E(at) SQa) for all o<ism-l.
Then Q(x)/E(x) = (X)/EBX) = Fx).

PROOF Lek RGx)= §(x) EC) - RE)EGD. Then oleg(R)=ac+k-1.
For all osin-,

R = (o) i) ~QW) E i) = 1 (et E(Y) -TLEGY) B () =0
Thus, R(X) has v rooks, Geyols... o™ Bot e= L-B)(a]< (wRH)/ja,
so AecaCR) £ 26 4R\ < (n-k+1)+ R-\ =M.

Hence, we mosk have R)=0, soe Q&) = é(x)_ =S, O
EC) E(a)
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BERLEKAMP-WELCH DECODING (1986) @ How tofind Eand Q7
INPUT: +=(Te, M, T2, ..., ¥a-0). A Linear Gdgebm!

. Find E, Qe FLxJ with E monic, deg(E)=e, | Thete are ae+R varrables,
deaca) getR-,and VLEGE) =QGi) Yosigw-l. | the coefficients of E and Q.
B ne such €,Q exist, then ﬁéec& + and STOP. |« Each condjbion 11 E(ett) =QY)

2. C’ompuée 5 @) = Qlx) /E). %2&\:13 one lineas ec}uaHon,
(4¢ EC)A Ox), then tefect 4 and SToP.) So there are 1 eguations.

3. Compute c=c($).

4 TIf dlr,c)se bhen veburn(c); else reject 1

RONNING TIME:  Sbep L + Shepd + Otepd + Step s = o),
On?) O®*) OCn*) O
The a\zwiﬁr\m s efficient ,le ?oﬁ(;}nbmfag Eime,
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EXAMPLE ‘4=, M=o, %=3, R=4, d=n-R+1= 7, e = Ll-R)/2]=3
«dis m%enem(:ov o\l Zu ’
od'=2, Pz, £>=8, ot4=5, off=lo, (€29, d¥=7, %23, ol=6," (.
C=1cs): $e2ulx], Olela(-?)f 3% is o (10, 4,7)-R3 code over 2 .
¢+ ENCODING Let w=(3,0,7,9) <> £(x) = 3+70c “+ 923,
Then v 2 c=c@)=(13,4,9, 10,5, ),3, 4,0, to).
* TRANSM(SSION  C is sent, »\‘=(%,A,g, 10,6,1,3,7, 1,10 IS teceived.
- DECODING; E(x)= Q°+G,x+azxz+:c3) Qie 2.
QCX) = be+ b2+ oo 4.4 g, bee .
Tc\‘e_ condiEions 11 E(o(o @,(o(") o‘b‘q) ‘d;e(d \o et;uatlo\ns
Lt % Get e oS0+ Tiolaa+ 1T oL?"' = betoltby + o2 byt 4ot b

I
t

~
7/



EXAMPLE (conb’d)
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* Solve bo get Go=3,4,56, 2236,

L] Gd G| a2 |E lbo b« [b2 s b4| bs | be
O8] S| V[ [ VLY |V |
VI141% 15 [wll|alalg |5 |ie ]9
Ao jo|o |6V [4]5]a(3 |l |&
3 [lo]3 |2 [65]1]|3|9(|[6]|4 |0 |3
L |68 |ZF |a|l]|5]|3 (4]q]L |5
st ol tlieft [tofl ¢ [to |}
6 [3[5 |t |9([t[A]4]3[5 ]| |9
Zz|F|5 |2 |3V |[#|5|a|2 |0 |4
3 (V3 |A |5 [3|a]|6|nu]) |3
Alo|5 | |4llle|d]7]alio]5

be:q) bi=%, b.=¢€, ngC)
bs=38, bs'—'-'é) b¢=a
e E(@) = o®4 ok €243,
- Q)= qxb+ ¢oby gty ¢x®
+6X*x 320449,
s QEYEG) = g+ 7% 3.
vc=(8,5,10,5,1,3,1,1,(0),
and d ()= 3.
Thes, w= (3,0,7,9).
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CODING THeoRY 2
o LDPC codes
* Low Demsiby Carity Codes
* (hood Lor SefE-dedision dC(odlfg’
+ Used in Aig‘uéa( TV, aiveless comn 3
opbicd commonicabions, c€<.
» Concatenabion codes
*BCH/RS + LDPC
hd Tur‘bo cades
. Ro.fl:s‘r codesS
. PO(Q'V codesS
* Code-based Cryf&ogmph‘i_
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REED-SOLOMNMON CODES

« There is a Saster dccodmg a(gwf%ﬂ\ Lor RS (and BCH) cedas,

w th d’ur\nif\a time OCy\[og —r\)’ discovered b\/ BerleRamp ard “)aSSC(‘J{
in (944.

. Berlekqmp Wwelch, discovered i \986, s slowet (O('ng))) but
can be adapted ot L-fist decding of RS ades: Find all
codewords c with d(rc1= L. [SUAQV\ V96, Goruswami—Sodaen ﬁqsl

* RS cedes are opbimal ewasure codes, so 3eoo{ Sor skornge .

e Haduare avchibeckoves .Yoc enccoimz, and de,co:km?,
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APPLICATIONS OF REED-SOLOMON CODES

¢ Cowvwmunications

+ Qtocage (CDs, DVDs, Blo-Rey, @R codes, ..-)
* Distribobed stomge

' Com‘aresseo( Sensing. Csijna.( eroces,smj)

i Grouf tﬁS&iV\g
* L.czuming, Hr\eor(& Newet
- P S‘eodo'rcmdomness aee(ica{ﬂ‘ows

. Comelexié"& l:heu/zf
o A\gon'(rhm design

“ESSENTIAL CODING THEORY by Guruswan, Rudfa ad Sk



V9 Linear Alceera REview

“VECToR SPACES (OVER FINITE FLELDS)

- MATRICES

—(8%-
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VECTOR SPACES

‘Let F= GtF(cp.
C ValE) = FxFy--xF =F™ = { (2, Xa...., %) 2G6F] i an
-di mens tonal vgc'r(\:'ur space osver F, where
addition is (=, N 2 «’In)-l- (‘d(, Ya,-- gn) = (x\‘fgc) Xy, .-, xh"'gnz
anod scalar mu(HP[:’CaEIOV\ (S /\'Cx,,xa_,.-.)zy.)r— (?\x() AXa ..., AXn ),

* A subseb C S \h(F) is a veckor sobspace of \a(F) i§:
() C is non-empe‘b‘
(i) C is closed onder addibion: VDC,‘AGC, x—fyéC;
(i) C is closed vnder Scalar moltiplication: wxeC, vaeF, A-xeC.

* Nobe : A veckor Subspa.ce. 0{3 VnCF) is also a vector Space over T
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LINEAR TNDEPENDENCE

*[et C be a vector Space over F—':QF(C;,)) and lek Vi, va,.. Ve e C.
- A Jinear combinabion of W,va,.... .k i5 a vector in C:
V= AU+ DaVa 4+ - + AV, ohere AteF.

'.TV’\Q, Sef\ b{’ {V()Va).,-.)vkg 15 SFG.V\CV\).-.)VR>:{?\;V,-k-"—"f'}\k\/p'-/‘\&éF}.
Noke: Sean (v, ...,vk) € C.

“The vecters w,va,...,Vk are lineedy independent over E if the
onk/ solobion te AV, +AVat ~-+ARVR SO 1S ATAQ=---- = \=0;
dkherwise, the vectors are linearly dependent over F.

'TF viva,.. Ve ave 0. over F thea [SP""(V*J-“JV“‘)\ :i‘eﬁ'
otherwise, \ SF“" v, - ") Vi) \ <q'R‘
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RASES AND DIMENSION

.Le{: C be & vecbovr seace, ovesr F:G,F(?/')’
* A basis of C s a linearly indeperdent seb Ty, va,..,kf SC,
OS.CH'\ S(:G.Vl (\/t} Vs, —--)VR) = C.

"FACTS 1) C has a bass.
2) All bases of C hawe Ehe. same size, called the dimension of C.
3) 4F dm(C)=R, then \Cl=9gK

- Note C={oz is & 6-dimensional vector Space over v,
with basis $ 5.



MATRICES
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- Addibion_and Subtackion: Let A= [ay] and 8=Ibij] be

w¥n nateces over . Then A+ 8= [anrbcﬂ and A—B:-[_ac}—bc;_(.

: (V\ulﬁl'g?\icakfov\: Let AM\xﬂ\ and 6m,_>mz be matrices sver F.
Then A-B is only defined if M=wma, in which case AR has

dmensions ™ x Mg :

—

— Q¢

A'-'W\\Xﬂ\

=

—

[
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EXAMPLE Let C S Va(F) be a veckor space over F with basis

Sv‘,va, ...)Vp?_ Then C can be defined by the Ry matri

G = — Va

— Y _

Note thet C = {Embm%---; mp]@l : [»m,)m;\),.-)mR] € Vk (Fﬁ
= {Y\G|V| My Vot -+ MV ! [YW\, Ma,..., mklévp (F)}
= +ow space of G
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RANK DE A MATRIX

* Leb A be an mxn matrix over F.
* The row space of- A 15 the vector subspace of Vin CF) Spanncd
by the rows of A. The row @nR of A s the dimension of ifs voo spac.
* The. column space of A is the vector subspace of- Vm(F) spanned by the
colomns of A. The colowmn yank of A 15 the dinension of its column space.
* FACT : The vow fank and coluomn vank of A are cqual,
and iS5 called Ehe +anR of A.




—Q4—

EXAMPLE Debermine the dimension of the vector sobspace Cof \5(Z)

Ehat is spanned by w:(a,o,a,a, D, vaaca(!,%z;)o)) V3=COJ4/3,IJ 1),
ond Vie=(2,1,1,2,2)

3 o0 a@a 3 |7
SoLoTON &l 3 40
Let G=| o 4 311 |, Then dwm(C) = vanR(G)
._.;“ Lo Q;L_LQXS'

Use elementary vow operabions Eto debermine the (educed) +ow
echelon form of G:

R\ «<—3aR QQPRQ-QQ\\

A4

7
'91.\ <— R4-2R;
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© a

|
6 o 3 3 2
© o 3 3 2

o

Rz < 63"4?2

>

|
0O a

L

o L

(
o

O o|’ 3 =22

(@)

60 O O 0

Ry R4-R3

Y
7

=3.

%) so dim (C)

—
—

Heace vanR(CG)
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NOUOLL SPACE AND TNVERTIB\L\TY

e LeE A be an mwn matriv over F.
* The null space of A is toxceVa(F) : AxT= og,
¢ The null space of A is a vector subsPa.ce. of- Vi (F))’
its dimension 15 called the nollity of A.
“ FACT  tanR(A)+ nollity (A) = M,

“ Llet A be an mxm wmatrix over £
A is invertible (or non-singular) if theve ewists an vwn watyit B
over F with AB= 6A=In5 we wribe 8=/—\“',

¢ EACT /A 15 nvectible < A has valR M < det(A) #O.




